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periodic orbits; (c) A brief statement of his own studies in this field, which have 
been published in the Astronomical Journal, and of the immediate tasks ahead. 
4. Professor Speeker deplored the tendency in some quarters to dilute, as 
he sees it, the classical course in synthetic projective geometry by the introduc- 
tion of a preponderance of metric theorems proved by the familiar Euclidean 
methods. He does not believe that the teacher of mathematics in the high 
school is so much in need of further drill in Euclidean theorems proved by 
Euclidean methods as he is in need of an enlargement of his mathematical out- 
look in the direction of geometry. And if this is the case, he is certain that 
synthetic projective geometry is the course best calculated to attain this end. 
5. Mr. Jenkins called attention to a certain difference formula developed by 
Woolhouse, which interpolates a certain number of values between each of a 
given series of equidistant ordinates, then sums approximately the interpolated 
along with the given values in terms of the original ordinates and their dif- 
ferences. This formula was proved more convergent than Lubbock’s formula, 
and an approximate test of accuracy was developed. 
J. P. Everett, Secretary-Treasurer. 


CONCERNING THE NET OF QUADRICS CIRCUMSCRIBING THE 
SPACE CUBIC 


By J. H. NEELLEY, Yale University 


1. Introduction. The “principle of duality” was one of the most importan 
discoveries in modern geometry during the past century, and was the culmin1 
tion of the investigations of Poncelet, Gergonne, and others in the method of 
reciprocal polars. By means of this principle the mathematician has not only a 
theorem of an entirely different nature involving dual elements to correspond 
to each theorem he proves, but he is enabled to contemplate the properties of 
the dual elements of any locus and obtain a complete perspective of the con- 
figuration which would be otherwise impossible. An especially interesting type 
of locus is that which is self-dual. The conic is the simplest of these curves in 
the plane and affords the student a wealth of illustrations and exercises in the 
first course in projective geometry. The space cubic plays a similar role for 
three dimensions. 

The present paper is concerned with the dual net of quadrics associated 
with the space cubic curve which is referred to by P. W. Wood.! To find the 
relations of these two nets let us derive the equations of the well known net of 


1 Cambridge Tracts in Mathematics and Mathematical Physics, No. 14. 
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quadrics on which the space curve lies and obtain the dual net by the use both 
of analytic and of synthetic methods." 

2. The net of inscribed quadrics.2_ The space cubic curve p* may be repre- 
sented by the binary cubic 


(x7)? = x97? +3217? +3x27+%3=0 (1) 
where 7 is a parameter spread along the curve and (x) =(o, %1, 2, Xs) are the 
coordinates of a point in space. Then, for a given r, (1) is an osculating plane of 
p®; but, if («) is given, (1) is a binary cubic with roots 7;, 7=1, 2, 3, the para- 
meter values of the points of contact of the three osculating planes through (x). 

If (x) is on p* then (1) is a perfect cube, (r—#)*=0, from which we have 
the parametric equations 


so=1, , (2) 


Here x»=0 and x;=0 are osculating planes at t= and ¢=0 respectively, 
x,=0 contains the point ¢=0 and the tangent line at ‘= ©, and x, =0 the line 
at ¢=0 and the point -=0. 
The plane of the three points ¢;, i=1, 2, 3, is 
(3) 
where s; refers to the symmetric functions of 41, fe, ts. If t2=/;=¢ the plane 
contains the tangent line at ¢ and the point ¢#:, whence 


(tixo+21) +2 =0 (4) 


The discriminant of (4) gives the osculant cone of p* which has its vertex at h. 
That is 


(xox2— + (xox3— x5) =0. (5) 
This is the locus of the bisecants of the curve which pass through /,. On the 
other hand for a given point (x) in space, (5) represents the parameters of the 


points cut out by the unique bisecant through (x). When (x) is on p* one root 
of (5) is arbitrary and so we have 


2 2 
xox2—x,=0, XoXs—X1%2=0 , (6) 


These form the net of quadrics on p* which are satisfied by every point of the 
curve. The polarized form of (5) gives as the equation of the net of quadrics 


1In this paper corresponding equations of dual forms are given the same numbers. 
? The method used in this section is taken from notes by Professor A. B. Coble. 
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For any values assigned to ¢; and ¢2 (7) is the quadric surface which contains 
the tangents at ¢, and ¢;. Through each of the points /, and /, draw the null- 
secant, a line in the osculating plane through its contact point, which is 
coplanar with the tangent line from the other point. The pencil of planes on 
either of these null-secants determines, by their intersection with the curve, 
the same involution of pairs of points. The joins of these pairs are bisecants 
which form one system of rulings of the quadric. Hence the null-secants are 
paired in such a way that all bisecants which meet one null-secant meet an- 
other. The other system of rulings is made up of secant lines, one through 
each point of the curve, which meet both tangents drawn from ¢, and #2. These 
two tangents belong to the first set of generators and the two null-secants are 
included in the latter set. 
If the point (x) is on a tangent of p* we have 


which is the developable of the curve. 

3. The net of circumscribed quadrics. The dual of this problem gives a 
net of quadrics equally well defined. Instead of considering the points of the 
curve and the bisecant lines joining them we investigate the osculating planes 
of p’ and the bisecant axes in which they intersect. 

The equation of the point ¢ on the curve is 


since its coordinates are given by (2). On the other hand if a plane (é) is given, 
(1’) is a binary cubic whose roots are /; the parameters of the points of the curve 
intersected by (€). If (~)is an osculating plane of the curve (1’) isa perfect cube 
and we have 


£,= 37? f.=3r é;=1. (2’) 


The osculating planes of p* at the three points whose parameters are roots 
of (1) meet in the point 
1 1 
3 
where o; refers to the symmetric functions of 71, 72,73. Hence the equation 
of the point is 


1 1 


Now set r2=7;=7-so that two of the planes of the curve coincide, then their 
intersection is a line of p* and the point where this tangent and the osculating 
plane at 7; meet is 


£1) 7+ (3£0— =0. (4’) 
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The discriminant of (4’) for a given 7; is the equation of the conic, which is 
the envelope of the bisecant axes in which the planes of p* meet the plane at 7;. 
That is 


+ + £7) =0. (5’) 


For any plane (£) in space there are two values of 7; given by (5’). Hence 
two planes of p* have a common intersection with (£) or there is one bisecant 
axis of the curve in every plane of space. When (£) is made an osculating plane 
of p* one value of 7; is arbitrary, so that 


These are the independent quadrics which form the net satisfied by every 
plane of p*. We shall designate them £-quadrics in contradistinction to the x- 
quadrics of the dual problem. The polarized form of (5’) is the equation of 
the net of &-quadrics. It is 


2(3£1s— (ri +72) EF) =O (7’) 


For a fixed 7; and 72, (7’) is the quadric which contains the tangents of p*at7, and 
T2. So this quadric has the two tangents at 7, and 72in common with the x-quadric 
which is determined by the same two points of p*. In each of the osculating 
planes at 7; and 72 draw the null-secant which meets the tangent from the other 
point. The range of points on either of these null-secants determines, by con- 
tacts of osculating planes through each point, the same involution of pairs of 
planes. The intersections of these pairs are bisecant-axes which form one sys- 
tem of generators of the quadric. Hence all bisecant axes which meet one null- 
secant meet another. But these null-secants are the same two which are deter- 
mined by the corresponding «-quadric when ¢; and ¢, are equal to 7; and 72 
respectively. Whence 

THEOREM: The point quartic which is the intersection of two corresponding 
quadrics degenerates into four ranges of points, the tangents at the two points and 
the null-secant at each point which is coplanar with the tangent at the other point. 
And the quartic curve in planes common to the same quadrics becomes four pencils 
of planes whose axes are the same four lines. 

Obviously the second set of generators of the £-quadric consists of all the 
lines, one in each plane of p*, which meet both of the tangents of the curve 
from 7; and rz. These two tangents belong to the first set of rulings, as a tan- 
gent is a bisecant axis whose determining planes are coincident, and the two 
null-secants belong to the second set of rulings. 
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When the plane (£) is on a line of p* that line is the bisecant axis of the plane. 
In that case we have 


#2) — =0. (8’) 


This equation and (8) are the equations of the self-dual developable surface 
of the curve. 

4. A cubic transformation. Since through any point («) of space there 
passes one and only one bisecant, we will let (y) be the harmonic conjugate of 
(x) with respect to the two points of intersection of p* and the bisecant. The 
points («) and (y) are apolar to any quadric of the x-net, so polarizing the net 
as to (y) and eliminating the y’s from the resulting forms and (yr)? we have 
the cubicovariant of (1) in the form 


Xe — 2x Xo 0 
—%1 Xo 
7 9) 
0 x3 x1 


7 37? 3r 1 


If r is given, (1) is the osculating plane at the point 7 but (9) is a cubic surface 
which is the locus of (y). So the planes of p* are transformed into cubic surfaces. 

In the same way we are led to a cubic transformation in the dual problem as 
in every plane (£) of space there is one bisecant axis of p*. Let the plane (n) be 
the harmonic conjugate of the plane (£) as to the two planes of p* which deter- 
mine the bisecant axis. Planes () and (7) are apolar to any quadric of the 
circumscribing net, so polarizing the quadrics (6’) as to () and eliminating 
the n’s from these and (nt)8 we have the cubicovariant of (1’) in the form 


0 38: 


be —9£o 
=0. 9’ 


1 e 


This for a given ¢ is a cubic surface which is the envelope of planes (n), the 
transform of the point of p* given by that value of t. 
We note some dual properties of these surfaces given by (9) and (9’). 


(a) If is ona of at is the locus of all null-secants which 


meet the tangent line at 7. This is, therefore, a ruled cubic surface. 
points 


(b) Bisecant ,<° are unaltered by this transformation but pairs of planes 


axes 
on them are interchanged. 


(c) The two null-secants which any set of bisecant!ines 


axes meet are interchanged. 
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t 
(d) T he Oranes ; are sent into the lines of p* at 7. 


n (x) 
(e) The three null-secants in (é) the three Pant of p 


transform into the three null- secants ; n (n) the transform of $ (t): 


NOTE ON THE INTEGRABILITY OF THE DIFFERENTIAL 
EQUATION Pdx+Qdy+Rdz=0 


By T. C. ESTY, Amherst College. 


1. Introduction. In the differential equation 
Pdx+Qdy+Rdz=0 , (1) 


the quantities P, Q, R are supposed to be functions of x, y, z, the rectangular 
coordinates of a point in space, and we shall restrict the discussion to cases in 
which these functions and their derivatives are finite, continuous and single- 
valued. 

Equation (1) has an integral u(x, y, 2) =a if there is a function u(x, y, z) 
whose total differential is equal to the left-hand member of (1), or to that 
expression multiplied by a factor, f(x, y, 2). 

It is the purpose of this note to derive by the methods of vector analysis 
the necessary and sufficient condition that equation (1) is integrable. No 
originality is claimed, for the subject has been at least partially considered 
elsewhere in treatises on vector analysis or quaternions, but the present writer 
happens to know of only one text in which there is derived the sufficient condi- 
tion that equation (1) may be made integrable by means of an integrating fac- 
tor. This is done, in substantially the way presented here, by Professor 
James Byrnie Shaw in his Vector Calculus. It has therefore seemed that it 
might help some who are interested in simple applications of vector methods to 
present a complete treatment of the subject in an elementary form. 

2. Case I. We shall first show that the necessary and sufficient condition 
that the left-hand member of (1) be an exact differential is 


ap _ OR aR 
oy Ox dy’ Ox dz 
Let us put o=Pi+Qj+Rk, and dp=idx+jdy+kdz, so that (1) is 
o-dp=0. (3) 


Tueorem A. If o-dp is an exact differential, say du(x, y, 2), then 7 Xo=0, 
and equations (2) are satisfied. 


| 
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Proor. If o-dp is an exact differential, we may write o-dp=du=dp- Vu, 
and since this holds for all values of dp, we have o= Vu. 


3 It follows that 
VXo= VX Vu=0, (4) 
or 
i 
0 0 
Ox dy 0z 
Q 
that is 
aR a OR \ aP 
oy 02 02 Ox Ox oy 
r 
‘ Since this requires that the coefficients of 7, 7, vanish separately, we see 


that equations (2) express the necessary condition that Pdx+Qdy+Rdz be 
an exact differential. 

THEOREM B. Conversely, if equations (2) are satisfied, that is if 7 Xo =0, then 
o-dp is an exact differential. 


e We shall divide the proof of this theorem into three parts and shall prove 
that if then 

0 (a) The line integral So-dp around any closed curve is equal to zero. 

d (6) The line integral Si o-dp between any two points is independent of the 
path of integration. 

i- (c) Assuming (0), o-dp is an exact differential. 

C- PRoor oF (a). By Stokes’s theorem we know that the line integral of the 
i vector function o around any closed curve is equal to the surface integral of 
it 


the curl of that function over any surface bounded by the curve. This is ex- 
Lo pressed by the equation 


yn fo-do= [f>-vxeas, (S) 
0 


in which vy is a unit vector drawn normal to the element dS of the surface, and 
toward that side of the surface from which the direction adopted in integrating 
around the curve is seen as counter-clockwise. The discussion is confined to a 
region in which singularities of ¢ and VY Xe do not occur. 

3) Now since Y Xa=0, it follows from (5) that 


f 
0 
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that is, the line integral of «dp around any closed curve is equal to zero. 
Proor or (b). Let PoAPB be any path around which the in- 
p tegral fo - dp may be taken, and let J be the value of the integral 
from Py to P along PoAP; also let IJ be its value from Py to P 
along PoBP. Then —JI is the value of the integral from P to P, 
along PBP». Thus we have by (a) 


Dd 


d=1-11-0, whence I=II . 
0 


Hence, if po and p denote the position vectors of Py and P, respectively, we 
see that the value of the integral 


J o:dp 
Po 


is independent of the path of integration connecting Po and P. 

Proor oF (c). It follows from (6) that if Po is a fixed point, and P a variable 
point, the value of the integral is fully determined when p is given; that is, the 
integral is a scalar function of the position of P, say, 


p 
f o-dp=u(x,¥,2) . 
po 
If, therefore, P be taken infinitely near to Po, we may write 
o-dp=du , 

that is, o-dp is an exact differential. 

Thus it has been proved that equations (2) are the necessary and sufficient 
conditions that (1) be an exact differential equation. 

3. Case II. We shall now show that if the left-hand member of equation 


(1) is not an exact differential, the necessary and sufficient condition that it may 
be made an exact differential by means of a factor f(x, y, 2) is 


a0—s«RR aR oP 

02 oy Ox dy Ox 
THEOREM C. If o-dp is not an exact differential, and there exists a function 


f(x, y, 2) such that the product of f and o-dp, namely fo-dp, is exact, then 


and equation (7) is satisfied. 
Proor. Since fo-dp is assumed to be an exact differential, we have by 
Case I, 
VX(fo)=0, or fYXot+VfXo=0. (8) 


ch 


ve 
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Multiplying scalarly by o, we get 
or, since o- Vf Xo =0, we find, after dropping the factor f, 
(9) 

which, when expanded, may be written in the form of equation (7). Thus it is 
seen that equation (7) is the necessary condition that (1) may be made an 
exact differential equation by means of an integrating factor. 

THEOREM D. Conversely, if equation (7) is satisfied, that is, if ¢- 7Xo=0, 
then there exists a factor f(x, y, 2) such that fo-dp is an exact differential. 

Proor. Since it is assumed that o-dp is not an exact differential, we must 
have by CaseI, Also, since VXo=0, we know that Xo is at 
every point perpendicular to ¢. Now let us define a vector 7 such that 


VXe=oxr. (10) 
Then 7 is the position vector of points on the straight line represented by 
equation (10). 
By a well known formula we may write 
(11) 
But from (10) 
and 
Substituting the last two results in (11), we find that 


o-VXr=0. (12) 
Hence, either 


(2) o=0, or (6) or (c) VXr=0. 


But c= Pi+Qj+Rk, and *s not equal to zero. Furthermore, Y Xr is not per- 
pendicular to a, for 7, as we have seen, is a variable vector, while ¢ has but one 
value at a given point. 
Hence we conclude that 
VXr=0. 
It follows from Case I that r-dpis an exact differential, say, df(x, y, 2), 
and we may write 


whence r=V/. 


Thus 7 is equal to the gradient of a scalar function f(«, y, 2). For conven- 
ience, let us call this scalar function log f instead of f; then since 


of of af 
Vlog f Vf 
Ox ty dz f f 


n- 
al 
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we have 
(13) 


Substituting this value of 7 in (10), we get 
{VXoe=eXVf, or or VX(fo)=0. 


Hence, by Case I, fo-dp is an exact differential. 

Thus it has been proved that o- VXa=0 is also the sufficient condition 
that o-dp may be made an exact differential by means of a factor f(a, y, z). 

4. Conclusion. From the foregoing we see that when o- V Xo =0 because 
VY Xo=0, equation (1) is an exact differential equation. On the other hand, 
when o- VY Xo=0, not because V Xo =0, but because V Xa is perpendicular to a, 
there exists an integrating factor f(x, y, 2) which will make equation (1) an 
exact differential equation. In other words, the necessary and sufficient condi- 
tion that equation (1) be integrable is V Xa =0. 

1. If 


o-dp=Mdx+Ndy, 


where M and N are scalar functions of x and y, the necessary and sufficient condi- 
tion that Mdx+Ndy=0 be an exact differential equation is 


aN 0M 
dx dy dx dy 


COROLLARY 2. Since 
aN 
Ox oy 


and this is true for all values of o, tt follows that the equation Mdx+Ndy=0 
can always be made integrable by means of an integrating factor f(x, y). 


ON PARAMETRIC AND PSEUDOGRAPHIC TRANSFORMATIONS 
By F. W. REED, Ohio University 


1. Definition of the parametric transformation. If we apply a rotation 6 
to the rectangular axes, with reference to which the curve x=f1(¢), y=f2(¢) 
(y, a parameter) is defined, under the condition that 6 be a function of ¢g, then 
on eliminating ¢ we arrive at a new curve (or curve family) x’ =F, (6), y’ = F:(@). 


that is 
ON 
oy 
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Such a transformation we shall call a parametric rotation. Specializing by mak- 
ing 9 constant we have an ordinary rotation of analytic geometry, the result 
being the same curve in new position. If instead of a rotation a translation 
a’ =x+f3(0) y’ =y+f.(@) is applied the operation is called a parametric trans- 
lation. It is easy to see that functions f;(@) and f,(@) can be found that will 
carry any given curve (or point) x=f1(¢), y=fe(¢) over into any other given 
curve (or point) «’=F,(@), y’=F2(@) whatever the relation g=/;(0). The arbi- 
trary character of f;(@) permits restriction of the range of ¢ or of 6 or of both. 
If y=f(x) is to become y’= F(x’) then fi(g) and F,(@) are rendered aribtrary. 

Any curve that can be generated by a parametric rotation can also be gen- 
erated from the same original curve by a parametric translation. The converse 
of this is not true. 

We are not limited in the general transformation to combinations thus 
elementary. We may define more generally a parametric transformation of 
x=f1(¢~), y=f2(¢) by means of g=f(@) into x’ (f1, f2, 0), y’ =Fe(fi, fe, 9). 

2. The generation of certain trochoidal curves. The circle 


x=1+rcos¢, y=rsing 


referred to new axes with which the old axes make angles of @ becomes (omitting 
the customary primes) 


x=(1+r cos ¢) cos sin g sin 6=cos cos (8+¢) , 
y=(1+r cos ¢) sin sin g cos @=sin 0+r sin (8+¢) , 
or, on putting 


g=k0, x=cos0+rcos(i+k)@, y=sin@+rsin(1+k)@. 


Fie. 1 


Figure 1 shows the initial line OC, an arc of the circle referred to it, the rotating 
line OT which is the x-axis of the derived curves. ¢ is positive counterclockwise, 
4 positive clockwise. The line segment OC when divided in the ratio k to 1 
gives left external, internal, right external points as Ri, R2, Rs. The scheme be- 


; 
(2) 
C 
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low in columns gives type of division of OC, definition of k, range of k, type 

of trochoidal curve: 
OR, 
, k= —1<k<0, rast 

R,C 

OR; 


, 0<k<m , Be; 


, —o<k<-l1, 


Generally then, omitting subscripts, b= Oh, r=|CR|, OC=1. The initials 


P; E, H, p,.e, h refer to para-, epi-, and hypotrochoid and para-, epi-, and 
hypocycloid. The special cases enter thus: 
r—1 


P becomes p when k= — sincer>1 , 
r r 


1—r 
E becomes e when k=—— , herer<1. 


H becomes h when k= — : 

In checking over these details it is necessary to have in mind that the tracing 
point is moving in a fixed circle and the paper in contact with the tracing point 
is being rotated about O. 

3. Three theorems.' The curve given by equation (2) is (except as to 
size) identified with the curve 


x’=cos 0+r’cos (1+k')@, y’=sin 6+7’sin (1+k’)6 , (2’) 


where 
k 


1 
1+k’=—— or k'=———_. 
1+k 1+k 
The corresponding ranges of k and k’ together with the type of trochoid is 
thus tabulated: 
—o<k<1, A goes into -1>k’>—aw , H; 
— 1<k<0, P goes into o>k’>0 , E; 
0<k<w, E goes into O>k’>-1, P. 


1 Theorems I and III, stated here in the very language of the classical theory, are not new. See 
Loria, Spezielle algebraische und transzendente ebene. Kurven, vol. II, p.96. The articles “Cuspidal 
Rosettes,” by W. F. Rigge, MonTuty, (1919, 332-340), and ‘The General Theory of Cyclic-Harmonic 
Curves,” by R. E. Moritz, Annals of Mathematics, vol. 23, 1921;22, may be consulted for content and 
for references. 


= 
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So we can write 

THEOREM I. Every H can be generated in two ways; and every P also as an E, 
and conversely. The same holds, mutatis mutandis, for h, p, e. 

The related curves (2) and (2’) while always of the same shape differ usually 
as to size and rate of description. Changing units by multiplying the right 
members of (2’) by the factor r the resulting curve is of the same size as (2). 

If we apply to the curve x=fi(¢), y=f2(¢) the parametric rotation 6, and 
to the resulting curve the parametric rotation 6, the final curve is the same as 
would have resulted from the application of the parametric rotation 4:+6:2 to 
the original curve. This states the group property of these rotations. As applied 
to the trochoids we have 

THEOREM II. The trochoids are a group of curves such that any one can generate 
any other by means of a parametric rotation. 

This property is seen best by imagining a stack of three sheets of paper, the 
upper two being carbon backed, on the upper and fixed sheet of which an arc ¢ 
of a circle is described while the lower sheets rotate through angles @; and 6:+62 
about a pin, the relations p=k,0,=k2(0:+62) being maintained. 

The definition of k shows that R corresponds to the contact point between 
the fixed circle (radius OR) and the rolling circle (radius CR) used in the classic 
theory. If we change units from OC =1 to OR=1 the first equations in the pairs 
(2), become respectively 


k+1 
r= (cos cos (1+k)8) , 


z= cos r cos ae r COS cos i+k 


Here x and x’ become identical in size when 


that is when (2) and (2’) are related hypocycloids. But since the relation de- 
fining k’ can be written 
1 1 

-—k’ 
where k and k’ are both negative, and since (1/k), (1/k’), are the radii of 
rolling circles when the radius of the fixed circle is unity, we see that the sum 
of the radii of the two circles which are used to draw the same hypocycloid is 
the radius of the fixed circle. In making the same argument for the related 
epitrochoid and paratrochoid the sign of x’ should be changed by using 
—(k’+1)/k’ for (k’+1)/k’. Thus we shall have 


k+1 1 1+r 
or -—-, 
k rk r 
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THEOREM III. [f pi, po, ps are radii of circles C1, C2, C3 and pitp2=ps then 
with C; fixed C, and C2 can generate identical hypocycloids, and with C, fixed the 
epicycloid given by C2 can be identical with the paracycloid given by C3. 

4. The rosettes, case of r=1. If r=1 equations (2) become 


2+k 
x=cos 6+cos (1+k)@=2cos 6 cos 
y=sin 6+sin (1+)6=2 sin —— - 0 cos 
Put 2+k 
— -9=0, 
2 
then kO 
x=2 cos 8 cos ——=pcos0, y=2 sin cos =psiné@, 
2+k k 
where 
kO 
=2 cos 
+k 


Thus p, Oare true polar coordinates and the relation last written is the equation 
of the rosettes in polar form. By choosing n=k/(2+k) and again —n= 
k’/(2+k’) we can verify 

THEOREM IV. The equation of the rosettes p=2 cos nO is derived from the 
equation of the circle x=1+cos 9, y= sing by the parametric rotation defined by 
k=2n/(1—n) or that defined by k’ = —2n/(1+n7). 

5. Devices for studying the rosettes. Consider the equation p=cos p6/q 
(0, @ being polar coordinates, and p/q a fraction in lowest terms). Four methods 
will now be stated for setting up the curve or its equivalent. 

(a) Pointwise construction is an obvious method. For stated or constructed 
values of 6 values of p can be taken from tables or found by projections. Usually 
the nature of the curve is amply revealed by taking 0=kgz/(2p), k=0, 

(b) The idea of the parametric rotation just discussed can be carried out 
mechanically by simple gearing. 

(c) A model can be made of paper leaves each having the outline of a com- 
plete loop, superposed and glued together in order. A ring of staples set radially 
at the vertices of the proposed rosette and a second ring set tangentially to a 
circle of its double points (case of g>1) would furnish a housing for a wire model. 

(d) By using concentric circles of radii 1, 2, - - - , g and radial lines dividing 
each quadrant into p equal angles, and connecting by a smooth curve the points 
(p, 8) as polar coordinates where 0=ir/2~p, p=q—i, i=0, 1,---, 2g, we shall 


en 
he 
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have drawn the pseudograph (see section 8) of the rosette p=cos (p/q) - @ 
from first to second vertex, and further procedure is evident. By letting 7 
vary continuously the p, 6 definitions constitute the polar parametric equa- 
tions of a simple spiral. It is evident that a figure giving the pseudograph of 
p=cos(p/q) - 8 gives at the same time the nested pseudographs p=cos(p/j) - 8, 
j=1,2,---,q—1. There is no requirement here that p/j be in lowest terms, or 
even that 7 be an integer. 
6. Parametric rotations applied to polar curves. The polar curve 


p=f(¢) , gy the polar angle, (3) 
becomes in rectangular coordinates, parametric form, 
x=f(¢) cos ¢ , y=f(¢) sing . 
Applying the counterclockwise rotation 6 to the polar axis we have 
x=f(¢) cos , y=f(¢) sin . 
Making the rotation parametric by putting g=k0, then (1+)9=0, we have 


x=f(k0) cos (1+k)0=f (—) cos , 

(4) 
s +h 


Here 9 is a polar angle and the polar equation of the curve is written 


Of course (5) can be derived directly from (3) using the geometrically evident 
relation 9=g+0 and the equation g=k6 defining the rotation. Thus (5) is 
the family of curves derived from (3) by parametric rotation. Equations (4) 
(in 6) show the type of curves in rectangular coordinates that can be derived 
from a polar curve by parametric rotation. 

The polar curve 


p=fil¢) , t=f2(¢) , parameter , 


becomes, under the parametric rotation g=k6, 


fa(kO) +0. 
7. Examples of parametric transformations. The rotation g=a@ applied 
to the line x =a, y= —¢ gives the evolute of the circle x=a cos 6+a8 sin 8, 


y=a sin @—a@ sin 6. The rotation g=a@ applied to the line x=¢, y=0 gives 
the spiral x =a0 cos 0, y=a6 sin @ or p=a8; or starting from the polar para- 
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meter form p=g, r=0 the result is p=a0, r=0 orp=ar. The rotation 
applied to the straight line segment «=a+bcos ycosa, cos gsina, 
a=const., gives the curve x=a cos cos k@ - cos(a+0), y=a sin 0+ 
bcos ké - sinf(a+6). For a=0 the result, in polar coordinates, is p=a+ cos k6. 

The line segment x«=0, y= sin ¢g translated by the relations x’ =x+48, 
y’=y, g=k0 gives the sine curve x’=0, y’=sin kO or y’=sin kx’. The line 
segment x=0, y=sin ¢ translated by x’=x+sin (@—a), y’=y, gives the 
curve x’ =sin(@—a), y’=sin k@. The circle x= —b sin y, y= —b cos ¢ translated 
by x’ =x+6, y’=y, gives the trochoid x’ =6—b sin k0, y’ = —b cos 

8. The ‘pseudographic transformation. We have already defined the 
pseudograph of the rosette. The path curves used were segments of spirals and 
the passage from one to another was made by a reflection at the circlep=g. We 
shall now set up a device by means of which such specifications are carried out 
automatically. 

Consider the two lineo-trigonometric functions sinl (read ‘linear sine’) and 
cosl defined by the relations 


sinl (4k+0)=0+8, cos] (4k+0)=1-—86 , 

sinl (4k+1+6)=1-8, cos] (4k+1+06)=0-—6 , 6) 
sinl (4k+2+6)=0-—6 , cosl (4k+2+6)=—1+6, 
sinl (4k+3+6)=—1+6, cosl (4k+3+6)=0+6 , 


where @ is a proper fraction or zero, k is an integer. The argument of these 
functions is the measure around the square with vertices at (1,0), (0,1), 
(—1,0),(0,—1) in the order and from the point indicatéd, the side being 
taken as unit. Thus we set up a one-to-one correspondence between the values 
of sin ¢ and sinl @ (cos ¢g and cosl @) by means of the above definitions and the 
linear correspondence between their arguments g=76/2. The operation of 
changing from sin ¢, cos ¢ to sinl 6, cosl 6 we shall call a pseudographic trans- 
formation of the former function. Applied to-these functions as they enter the 
equation or equations of a curve the operation will be called the pseudographic 
transformation of the curve and the resulting locus will be called the pseudo- 
graph of the curve. 

Those formulas in trigonometry which depend only on the principle of equal 
triangles have here unique counterparts, for example sinl (—6@)=-—sinl @, 
sinl (1—@) =cosl 6, sinl (2+6) = —sinl@. But sin?g+cos?g = 1 has as its analogue 
+sinl 6+cosl 6=1 according to case, likewise the addition formulas fail to 
have unique counterparts. 

9. Examples of the pseudograph. (a) The curve y =sin mx has for a pseudo- 
graph y=sinl mx and consists of the line segments connecting the successive 
maxima and minima of the original sine curve. 
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(b) The circle x?+y?=1 put in the particular parametric form x=cos ¢, 
y=sin ¢ has as its pseudograph the defining square used in the previous section. 
(c) Consider now the Lissajous’ curve 


x=acosmé , y=bcos (n@—a) , (7) 


m,n, integers relatively prime, (which includes the parabola and the ellipses). 
When 0 is eliminated the degree of the resulting equation is given by the scheme: 
for a=0, degree is m in x, min y, and larger is total degree; for a ~0, degree is 
2n in x, 2m in y, and larger is total degree. The pseudograph of (7) is 


x=a cosl mé , y=b cosl (n@—a) . (7’) 


The fact that @ is proportional to the distance passed over along the pseudo- 
graph (7’) makes it possible to pick out values of @ at vertices, double points, 
etc., with ease, and the correspondence between values of cos 6 and cosl @ in- 
sures the existence of the same type of points on (7) identical as to number and 
order of distribution. The a-periodicity (change in a to give the same curve) can 
be read from the pseudograph. 

By means of a dilatation on one of the coordinates in (7’) so that the new 
enclosing rectangle is similar to that included by the cushions of a billiard table 
a pseudograph is represented by the path of a billiard ball. This amounts to 
the simple expedient of choosing units so that the billiard table has dimensions 
2a and 2), and is justified for the reason that the parameter @ (and not the x, y 
coordinates of (7’)) is used in computing the right members of (7). 

With this justification we may change (7’) to 


x=n cosl mé , y=m cosl (n@—a) . 
Y 
\ 
30 x 


Pic. 2 


We choose as origin a corner of a square on squared paper, axes running diag- 
onally, and draw with unit diagonal as unit, the rectangle bounded by x= +qn, 
y= +qm where q is the denominator of the fraction m(1—a) in lowest terms. 
Then (7’) is drawn by following the printed lines. If g is not conveniently 
small we change the plan and give it the value unity, but in this case the tracing 
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is done parallel to and not along the printed lines. Figure 2 is a pseudograph 
x=3 cosl 0, y=cosl (30—1/3) of the curve x=a cos 6, y=b cos (30—7/6). 
The figure suggests how a ribbon of paper can be folded so that the pseudograph 
can be read around its edge. 

10. Mechanical graphs. Without exception the curves met with in this 
discussion can be drawn mechanically... The method is to select a motion for 
the tracing point and a motion for the paper from the elementary motions: 
(L) straight line, (R) rotary, (H) harmonic, any of which is easily taken from a 
master rotary motion. The two selected are to be geared. This gearing is the 
analogue of the relation g=6 in the theory of parametric transformations. 


A CERTAIN QUARTIC SURFACE AND ITS 
REFLECTING PROPERTIES 
By A. R. WILLIAMS, University of California 


The quartic surface which is the subject of this paper was in effect dis- 
covered, and its principal properties described, without the use of equations, 
by Mrs. M. W. Caughlan of Oakland, California. She was at the time designing 
an automobile headlight. 

{. Definition and equation. The surface in which she was particularly 
interested is most simply defined as the locus of points the sum of whose dis- 
tances from a point F and a line / is a constant, say 2a. Evidently the section 
of this surface by the plane through 
F perpendicular to / is an ellipse 
with major axis 2a, one focus being 
at F and the other at F;, where / 
meets the plane in question. Itis 
easily seen also that the section 
of the surface by the plane deter- 
mined by F and / consists of por- 
tions of two parabolas, both having 
F for focus and opening in op- 
posite directions. Their vertices 
coincide with the vertices of the 
elliptical section just mentioned, 
and they both pass, of course, 

Y through the two points on/ which 
Fic. 1. Section by the plane s =0. are distant 2a from F. Using 


1 The very comprehensive machine designed by W. F. Rigge is described in Scientific American 
Supplement, February 9 and 16, 1918. 
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ordinary rectangular coordinates, we may take the plane through F perpendi- 
cular tol] as z=0, the plane determined by F and / as y=0, and the point half- 
way between F and/as the origin. Thus OZ is parallel to /. Let the distance 
of F from ]=2d, where d<a. Then the coordinates of F and F; are (—d, 0,0) 
and (d, 0,0); and the equation 


V 
immediately follows. When rationalized this gives 
16a?(a?— d?) — 16x?(a? — 8a?z?— 16a*y?+ 2'+ 8dx2?=0. (1) 
Putting z=0 we have the ellipse 


a? — d? 


1 


whose eccentricity and semiminor axis are d/a and Va?—d?. Putting y=0 we 
have the two parabolas given by 


[2?+4x(a+d) —4a(a+d) |[22—4a(a—d)—4a(a—d)]=0. 


The two points M and N where / meets the surface, 7.e. (d, 0, +2Va?—d?) are 
conical points. The planes y=0 
and z=0 are principal planes of 
symmetry. In rationalizing the 
original equation we have intro- 
duced the locus of points whose 
distance from F exceeds their 
distance from / by 2a. The sur- 
face given by equation (1) there- 
fore consists of three parts; the 
central portion, which is the 
locus of points the sum of whose 
distances from F and / is 2a, and 
the two bell-shaped portions, 
extending indefinitely from the 
conical points, and comprising 
all points the difference of whose 
distances from F and / is 2a. 
The closed portion is shaped 
something like a flounder, the 
degree of flatness depending on 
the ratio d/a. Fic. 2. Section by the plane y=0. 


i 
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2. The surface as envelope and reflector. Let PK be the perpen- 
dicular from any point P of the surface on /. Then the normal to the 
surface at P lies in the plane of FP and PK and bisects the angle between 
them. Thus a ray of light from F meeting internally the central or closed por- 
tion of the surface is reflected in a direction both perpendicular to and inter- 
secting /. This may be verified, of course, by use of the direction cosines of the 
three lines which can be found from (1). This method is necessarily uninterest- 
ing and laborious; and the properties of the surface are better revealed by a 
different procedure. It is evident from (1) that a plane z=constant, 7.e. any 
plane perpendicular to /, cuts the surface in an ellipse. It is very advantageous 
to look at this geometrically. In the first place let P be any point on the closed 
portion of the surface, and PK the perpendicular on /. Since FP+PK =2a, 
FK <2a, and there exists an ellipsoid of revolution whose foci are F and K, 
and whose major axis is 2a. It is the locus of points the sum of who’e distances 
from F and K is 2a. Since this portion of our surface is the locus of points the 
sum of whose distances from F and / is 2a, the points of it in the plane through 
K perpendicular to / lie on the ellipsoid just mentioned, and hence constitute 
an ellipse one of whose foci is K. Thus the closed portion of our surface may be 
thought of as composed of these parallel elliptical sections, each cut from a corre- 
sponding ellipsoid. 

Now this in itself proves nothing as to the reflecting properties of the surface 
so generated. But it is true that along each of these sections our surface is 
tangent to the ellipsoid to which the section belongs. For let the equation of 
an ellipsoid of the family whose variable focus is (d, 0, k), where .|k | <2Va?—d?, 
be 


+ 


Differentiating with respect to k we see that the intersection of this ellipsoid 
with the consecutive one is given by combining its equation with z—k =0. That 
is, the corresponding characteristic is precisely the section of the ellipsoid that 
lies in our surface, and the latter (i.e. the central portion of it) is in fact the 
envelope of the family of ellipsoids, and so has along each characteristic the 
reflecting properties of the corresponding ellipsoid. Therefore a ray from F to 
any point P of the central portion is reflected to K, the other focus of the 
corresponding ellipsoid, and the foot of the perpendicular from P on /. The 
vertices of the elliptical sections lie on the parabolas MV N and MV,N (Fig. 2). 
Since one focus of each such section lies on /, it is easy to see that the other lies 
on the parabola MFN. The locus of the centers is the parabola MON Simi- 
larly if we take a section by a plane perpendicular to/ at A, but distant more 


than 2V a?—d? from z=0, and therefore cutting one of the outer portions of the 
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surface, we get an ellipse whose foci, vertices, and center lie on the loci just 
given, but which is made up of points whose distance from F exceeds their 
distance from / by 2a. This ellipse lies on the hyperboloid of two sheets of 
revolution which is the locus of points the difference of whose distances from 
F and K, is 2a. As K, travels along / we get a family of such hyperboloids of 
which the bell-shaped portions of our surface are the envelope. Thus a ray from 
K, perpendicular to / and so meeting an outer portion of the surface at P; is 
reflected in a direction which, if produced, passes through F. 

Furthermore, the section of the surface by any plane through / is a pair of 
parabolas, opening in opposite directions, and necessarily intersecting in the 
conical points where / meets the surface. And the entire surface defined by (1) is 
in fact the envelope of a family of paraboloids of revolution; the characteristics 
being the parabolic sections of the surface by the pencil of planes through /. 
To see this we recall that the section of a paraboloid of revolution by any 
plane parallel to the axis is a parabola congruent to the generating parabola 
and having its axis parallel to the axis of the paraboloid. Any chord of such a 
parabolic section perpendicular to its axis is parallel to the plane traced by the 
directrix of the generating parabola as it revolves; and if any point of the sec- 
tion between the vertex and the chord is taken the sum of its distances from 
the focus of the paraboloid and the chord is constant, and equal to the distance 
of the chord from this plane. If the point is on the opposite side of the chord 
from the vertex of the section its distance from the focus of the paraboloid 
exceeds its distance from the chord by the same amount. Now take any point 
Q on the central elliptical section, (Fig. 1). Consider the parabola whose focus 
is F, whose axis is parallel to QF, and so perpendicular to /, and which passes 
through Q. Since FQ+QF;=2a, its directrix is distant 2a from F;. Hence as 
we revolve this parabola about its axis the directrix generates a plane parallel 
to and distant 2a from /. Therefore the plane determined by / and F,Q is 
parallel to the axis of the paraboloid of revolution and meets it in a parabola, 
every point of which lying between the vertex and / has the property that the 
sum of its distances from F, the focus of the paraboloid, and / is 2a. These 
points, therefore, lie in the central part of our surface, and the rest of the para- 
bola, being made up of points whose distance from F exceeds by 2a their dis- 
tance from /, lies in the bell-shaped portions beyond the conical points. All 
rays from the focus F, meeting the paraboloid along such a section as just 
described, would lie, after reflection, in the plane of the section, and be per- 
pendicular to /. Now recalling the reflecting properties of our surface already 
proved, we see that it must have the same tangent plane along such a section 
as the corresponding paraboloid. This proves the statement at the beginning of 
this paragraph. 
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3. Locus of the foci of the parabolic sections. These parabolic sections by 
planes through / have their vertices and foci in the central plane through F per- 
pendicular to /, i.e. in the plane z=0. The locus of the foci is easily obtained 
and is an interesting curve shown by the dotted line in Figure 1. Thus in that 
figure the distance FQ is a(1—e?)/(1+¢e cos @), where e is the eccentricity, d/a, 
of the ellipse, and @ is the angle V:F';Q. Since the parabolic section whose vertex 
is Q passes through M and N, where NFi=F,M =2Va?—d?=2avV1—-e 
(see Fig. 2), the distance, p, of the focus from the vertex is given by 
4p(a(1—e?)/(1+e cos @))=4a?(1—e?). Hence p=a(1+e cos @), and the polar 
equation of the locus of the foci, the pole being at Fi, is given by 

a(1—e?) 


r=—————-—a(1+ cos 8) 
1+ecos 0 


which in rectangular coordinates is 


+ (22+?) +9? [V1—e (222+?) — =0 


Here the origin is at F; and the Y axis is parallel toOY in Figure 1. This sextic 
is of course unicursal, since it is in 1:1 correspondence with the points of the 
ellipse. As is obvious from the equation, the quadruple point at the origin has 
four distinct tangents (two being imaginary), and so counts for six double 
points. There is a double point with distinct tangents at each of the circular 
points, and the tacnode at F gives two more double points, making ten in all. 
Moreover, since each parabolic section by a plane through / is a characteristic 
on our surface, and congruent to the generating parabola of the paraboloid on 
which it lies, we see that the distance between its vertex and focus is equal to 
the distance of the vertex of the corresponding paraboloid from the common 
focus F. Hence, the locus of the vertices of the family of paraboloids is the 
limacon 
r=a(1+ecos @) . 


Here the pole is at F, and 6 is measured from OX in the same sense as before. 


ON THE DOUBLE LAYER POTENTIAL! 
By V. C. POOR, University of Michigan 


1. Introduction. The convergence of the double layer potential is of funda- 
mental importance in mathematical physics, in particular in the theory of 


1 Presented to the Am. Math. Soc., Jan. 2, 1926. 
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magnetism and in the modern proof of ‘‘Dirichlet’s Principle” through integral 
equations. A proof of the convergence of the double layer potential is given by 
Plemelj! and a suggested method of proof by Goursat.? Students of potential 
theory should find considerable satisfaction in the following simple proof of so 
fundamental a theorem. 

2. Statement of problem. In the double layer potential 


® cos 6 do 
v=f 


where the integral is taken over a finite surface area o, the density factor ® 
is the strength of the shell or layer; 7 is the distance between two points M and 
P, the former being the point of integration so-that V is a function of the point 
P;6is the angle between the normal to the surface o at M and the vector drawn 
from M to P. Evidently V is a continuous single valued function of the point 
P for P outside the surface o; but if P is a point of the surface the integrand 
becomes infinite and to the second degree when the point of integration coin- 
cides with the point P. Our problem is to show that in this case the integral 
converges to a unique finite value. 


3. Convergence proof. We shall assume that the surface, ¢, is regular, 7.e., 
that there is a unique tangent plane and two distinct radii of curvature at 
every point of the surface. The surface has naturally a positive and negative 
face depending on the direction of the intensity of magnetization. If we select 
a point P» of the surface and cut the surface by a secant plane perpendicular to 
the normal at Po this plane will slice off a cap which we will call C,; the remain- 
ing portion of the surface o—C, we will designate as 7. Then the potential at 
a point P external to the double layer breaks up into two integrals so that 


—-. (1) 


® cos ® cos 
Cc 


The cap and that portion of the plane outside the boundary of the cap 
divides space into two parts. A point P will be considered as outside (on the 
positive side) or inside (on the negative side) according as it lies in that portion 
of space adjacent to the positive or negative face of the cap. The first integral 
in (1) is the potential at P due to the shell ¢;. The value of the second integral 
may be obtained by circumscribing a unit sphere about P as centre. Then the 


1 J. Plemelj: Ueber linear Randwertaufgaben der Potential Theorie. Monatshefte fiir Mathematik 
und Physik. (1904) vv. 15-16: 355. : 

2 E. Goursat. Cours d’Analyse Mathématique. III. (1915) p. 251. 

Also see M. A. Liapounoff: Sur certaines questions qui se rattachent au probléme de Dirichlet. 
Jour. de Math. t.4 (1898). 
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solid angle dQ of the cone whose apex is P and whose base is de, is given by 
the equation 


dQ do cos 6 


1 r? 


the solid angle being also taken as positive or negative according as P lies on 
the positive or negative side of the cap. If ®’ and ®”’ are the least and greatest 
values of ® at points of the cap then for some intermediate value, #1, of ® the 
potential at P due to the cap becomes ,9;’, where 2,’ is the solid angle at P 
subtended by the boundary of the cap. The potential at P is thus given by the 
equation 


® cos 6 do 
(2) 


Had we chosen a different cap C: cut off by a parallel plane the potential at P, 
using the index 2, evidently would have been 
® cos 


r 


But ¥® and Y® are equal for every P outside the double layer. So if on some 
curve drawn on the positive side of the cap to Po we select a set of points P; 
having Po for its limit, then the terms of the sequences ¥“(P;) and ¥®(P;) 
will always be identical; the sequences will therefore have the.same limit. If 
we call this limit V, then in the former sequence the solid angle 21, approaches 
{;, the solid angle at Po subtended by the boundary of the cap Ci, and similarly 
2, will become Q2 so that in the limit as P approaches Po 


cos Oda ®cos 
r 


In fact this same argument and the same conclusion holds if the cap C2 is of 
zero area, in this case ®; is p the value of ® at Po while the solid angle Q is 
zero. Thus if we indicate the distance from Py to some secant plane by e, we 
may then say that V is independent of «. We may thus choose form (4) for ¥. 
which is unique, finite and independent of ¢ and let « approach zero. The solid 
angle 2, evidently approaches 27 as its limit, the mean density factor ®: 
approaches ®y as its limit, while the area of integration o, approaches the area 
of the shell as € approaches zero, or in the limit we will have 


® cos Oda 
6) 
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Since ¥, and 27 ®p are each finite and unique the integral over the surface @ is 
finite and unique. This integral is the double layer potential at P» and it differs 
from the value approached by the potential by 2x ©) when the approach is 
towards the positive face. Had the approach been towards the negative face 
the solid angle would have been negative and the value V; approached by the 
potential as P approaches P» will in this case be given by the equation 


cos 
V;= (6) 


4. Summary. We thus see that the double layer potential has a unique 
finite value at every point of space. It is discontinuous at points of the double 
layer, since on approaching a point, Po, of the shell the potential function 
approaches its value at the point plus or minus 27, depending on whether 
the point is approached from the positive or negative side of the shell. 

If we combine equations (5) and (6) we obtain the sum and difference of 
potential or 


® cos 
, Ve +¥5=2 . 
r 
Equations (5) and (6) may be looked upon as integral equations in ® where ¥, 
aud VY; take on prescribed values at the surface. 


QUESTIONS AND DISCUSSIONS. 


EDITED BY TOMLINSON Fort, Hunter College, Park Ave. and 68th St., New York City, 
and H. E. BucHANan, Tulane Univ., New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the separate department of Problems and Solutions. 


DISCUSSIONS 
I. NEw ANNUITY FORMULAS FOR PAYMENTS MADE BETWEEN CONVERSION DATES 
By H. W. Srpert, University of Cincinnati 


1. The formulas now used for annuities having payments between the con- 
version dates are based upon an assumption which does not accord with the 
usage of banks and other financial agencies. In the development of the formulas 
it has been assumed that each payment made between conversion dates receives 
compound interest from date of payment and from this assumption is developed 
a conversion factor, i/j,, by which R(a;j at i) and R(s; at 7) must be multi- 
plied in order to give A and S. The common usage of banks and other financial 
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agencies is to credit simple interest from date of payment to the next conver- 
sion date on each payment made between conversion dates and it is upon this 
assumption that the present paper will develop a conversion factor which 
might profitably replace i/7>. 
The following notation is that commonly used in annuity formulas, viz: 
R, payment or rent per interest period. 
p, number of payments per interest period. 
i, interest per interest period. 
n, number of interest periods. 
A, present value of an annuity. 
S, accumulated value of an annuity at the end of the period. 
(a, at 7), present value of an annuity when payment of $1 is made at the 
end of each interest period. 
(s;) at 7), accumulated value of an annuity when a payment of $1 is made 
at the end of each interest period. 
i i 
2. Each payment=R/p. For ordinary annuities there is no payment made 
at the beginning of the annuity but there is one made at its very end so the 
first payment in any interest period will receive simple interest for (p—1)/p 
interest periods, the second for (p—2)/p periods, the next to last for 1/p periods, 
and the last for 0 periods. Thus the total interest received on the p payments 
during any interest period will be 


1 R 


2 2p 


The accumulated sum of these payments at the end of any interest period 


will be 
an 
2p 2p 


This last value is the total value of the payments as figured at the end of 
any interest period. Thus the annuity would have the same A and S if one 
payment only were made at the end of each interest period, provided this 
single payment equals R[1+(p—1)i/2p]. 

Therefore for such an annuity 


—1 
2p 2p 


p 
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The formulas now in use give 


i 


i i j 
A = R—-(anj at 7) and S= R—-(snj at 7), where = - 
Jp Jp Jp 
and is known as the conversion factor. The conversion factor corresponding 
to i/j, which has been developed above is [1+(p—1)i/2p]. It should be noted 
that when p=1, both 


i+ -i | and —-will=1. 
2p Jp 

3. An annuity due is one where there is a payment at the very beginning of 
the annuity but none at the end. In such an annuity the first payment in any 
interest period will receive interest for the entire interest period while the last 
will receive interest for 1/p interest periods. Thus the total interest received on 
the p payments at the end of any interest period is 


R —1 —2 1 


p p p p 
i [p+(p—1)+(p—2)+ +1] | | 


The accumulated sum of these p payments at the end of any interest period 


1 
2p 2p 


Thus the formulas for annuities due will be 


1S 


| (snj at . 
2p 


1 
i | (anj at 7) and s=R[1+ 


The formulas now in use for annuities due give 

Jp 
or else they are in forms which can be transformed into the two above formulas. 
Thus the conversion factor for annuities due as now used is [(1+#)'"(é/j,)] 
while the one developed above is [1+(p+1)i/2p]. It should be noted that 
when p=1 each of these will =1+7. 

4. If i/j, be expanded in powers of i it becomes 

24 

2p 129? 


(anj at i) and |oa ati), 
Jp 
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This series is convergent when p>1 and 7 <1, which requirement is fulfilled 
for annuities having payments between conversion dates. The signs of this 
series alternate + and — and the terms steadily decrease in numerical value. 
Therefore i/j, cannot differ from [1+(p—1)i/2)], which is the corresponding 
factor in this article, by an amount greater than the third term of the series, 
which equals —(p?—1)7?/127?. 

The factor[(1+i)"”"(i/j,)]=i/p+i/j,. Using the above expansion for i/j,, 
the factor [(1+4)"[é/j,)] will equal 
Thus the difference between [(1+7)'/?(i/7,)] and [1+(~+1)i/2p], which is 
the corresponding factor derived in this article, will be exactly the same as the 
difference between 7/j, and [1+(p—1)i/2/]. 

The conversion factors derived in this article do not differ greatly from 
those now in use but it should be noted that these new conversion factors are 
based upon common practice in financial institutions. These new factors are 
much easier to calculate than those now in use. As these new factors are com- 
mensurable numbers they are easier to multiply by than are the factors now in 
use. 


II. FUNCTIONS OF TWO VARIABLES FOR WHICH THE DOUBLE INTEGRAL 
DOES NOT EXIST 


By R. L. Jerrery, Acadia University 


It is pointed out by E. W. Hobson! that even though a function of two 
variables is continuous in each variable separately, the double integral in the 
sense of Riemann, need not exist. This is obvious if the function is unbounded, 
but there seems to be nowhere in the literature a bounded function that 
illustrates Hobson’s observation. In this note such a function is constructed. 

The region of definition will be the unit square. We shall first construct 
on the square A =(—1, —1), B=(1, —1), C=(1, 1), D=(—1, 1), an auxiliary 
function Q(x, y). Draw the line joining the origin to the point C=(1, 1). On 
the part of ABCD which lies in the first quadrant and above or on this 
line (except the point C), 

«(1—~y) 


Q(x,y) = 


In the first quadrant and below this line, 


(2.9) and Q(1,1)=0. 


On the parts of ABCD which lie in the second, third, and fourth quadrants, 
Q(x, y) is defined by reflecting the first quadrant in the y axis, in the origin, 


1 Theory of Functions of a Real Variable, 2d ed., vol. I, p. 486. 
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and in the axis of x respectively. It is easily verified that Q is bounded and 
continuous in each variable separately, and is zero on the bounding lines 
of the square ABCD. Furthermore, Q is discontinuous at each of the points 
A, B, C, and D, with saltus equal to unity. 

We next place interior to the unit square a Harnack? set of squares, S=S,, 
So, +++, Where 2S,, the total area of S, is equal to m, 0<m<i1. The corner 
points of the set of squares S we designate by E. Now, between the points of 
the square S, and the points of the square ABCD, set up a one-to-one corre- 
spondence by means of a projective transformation which carries A, B, C, and D, 
respectively into the corresponding corners of the square S;. At a point of 
S, let f(x, y) have the value of Q(x, y) at the corresponding point of ABCD. On 
each of the remaining squares of the set S define f(x, y) in the same manner. 
On the part of the unit square exterior to S let f(x, y) =0. 

A consideration of the structure of the function Q, together with the fact 
that any line parallel to either axis can meet at most a finite number of the 
squares of the set S,? shows us that f is bounded and continuous in each variable 
separately. Also, since Q is discontinuous at each of the points A, B, C, and 
D, with saltus equal to unity, f is discontinuous at each point of the set E 
with saltus equal to unity. Hence, to prove the non-existence of the double 
integral of f, it is sufficient to show that the content of the set £ is different 
from zero. This follows from the manner in which E was constructed. 
The Cantor nondense closed set G complementary to S on the unit square 
clearly has measure equal to i—m. Hence, since the measure and content of a 
closed set are the same, the content of Gis1—m. But it is evident that every 
point of G is a limit point of E. Consequently, since the content of a set of 
points is the same as the content of its derivative,’ the content of Eis >1—m. 


III. “Lone” Division 
By L. S. Deperick, University of British Columbia. 


In this age of calculating machines it may not seem timely to discuss methods 
of computation with pencil and paper. But the machines are not always avail- 
able. The repeated divisions called for in Professor Lehmer’s note on cube roots 
and fifth roots in this department of the Montuty for August - September are 
of course meant for a machine. If, however, similar ones are to be performed on 
paper, they suggest with unusual force the wastefulness, both in writing and 
space, of the ordinary method of “long” division. They go straggling across the 
paper in a way entirely unjustified by the actual work necessary. Yet they are 
outside the realm usually assigned to “short” division. 


*See Pierpont: Theory of Functions of a Real Variable, vol. II, §354-3. 
Hobson: Joc. cit., §118. 
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The following method for dividing by a number of two or more figures con- 
denses the work in a manner somewhat similar to that of synthetic division in 
algebra, and demands only the very slightest increase in the mental operations 
involved. It may be described as follows. No partial product is written down. 
Instead, each figure of the first partial product is subtracted from the proper 
figure of the dividend as soon as found, and the remainder written immediately 
below this figure. In this subtraction, if “borrowing” is necessary, the effect is 
merely to add one to the amount “carried” in finding the next figure to the left 
in the partial product. The subtraction of the multiple of one figure involves 
precisely the same mental operation as that performed in “short” division. 
The addition of one to the figure “carried” is the only increase in the amount of 
mental arithmetic over that commonly performed. 

The only other unusual feature is the manner of reading the remainders or 
partial dividends. The first must be read with its last figure in the line of the 
dividend and its preceding figures on the line below. Each subsequent remainder 
is obtained from the preceding as the first is from the original dividend. It will 
in general have most or all of its figures on different lines. As the operations 
on it, however, involve each figure separately, this is no great disadvantage. 
It constitutes the essential feature of the condensation. There is no difficulty 
in identifying the figures that belong to a particular remainder, as each is the last 
figure in its column at the time it is to be used. When the figure in any column 
is finally reduced to zero, the zero need not be written; but the last preceding 
figure should be underlined or marked in some other way to show that it is not 
to be read in the next remainder. 

If space is left for the remainders amounting to one line for each figure of 
the divisor, the quotient may be written on the next line below. Its location on 
this line may be chosen in various ways, as for example so as to bring its decimal 
point under that of the dividend, or its first significant figure under that of the 
dividend. For the operation itself the most convenient placing is probably to 
put each figure of the quotient in the column of the last figure of the corresponding 
partial product. For repeated divisions, however, this would have the dis- 
advantage of moving the significant figures continually to the right. 


The following example exhibits the division of 35678 by 42.1 after obtaining each of the first three 
remainders, and also the completed work after obtaining twenty figures in the quotient. 


42.1 |35678 42. 1 |35678.0 42. 1 |35678.00 42. 1 |35678.000000000000000000 
199 oe 19943 1994 36526787 1637231635 
31 319 319 45839213 212 
1 
8 84 847 847. 45843230403800475 


The first remainder or partial dividend is 1998, the second 3140, the third 1930, and so on. 
The completed work occupies 5 lines as compared with 39 in the usual arrangement, and has the 
additional advantage that the quotient is suitably placed for any subsequent operation. 
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REVIEWS 


Einstein’s Theory of Relativity. By Max Borw, translated by H. L. Brose, M.A. 
(Translation of third German edition, 1922). New York, E. P. Dutton 
and Co., 1924. xi+293 pages. Price $5.00. 

Professor Born has written a thoroughly readable account, for non-specialists, 
of the Einstein theory, with particular emphasis on the history of physics and the 
restricted principle of relativity. He remarks in his preface that “the difficulty 
which persons not conversant with mathematics and physics experience in 
understanding the theory of relativity seems to me to be due for the most part 
to the circumstance that they are not familiar with the fundamental conceptions 
and facts of physics, in particular of mechanics.” Accordingly, with a minimum 
of mathematics, the author proceeds from an apology for his occasional square 
roots to a clear explanation of those physical theories, now in part superseded 
or amended, out of which relativity evolved as naturally as have any of the 
greater physical theories. This presentation is avowedly prepared for that.all- 
but-hypothetical class of educated laymen which includes neither ignoramuses 
nor those whose secondary and college training has been entirely literary or 
humanistic in the snobbish sense. To the latter the theory of relativity must 
remain a mystery among mysteries until such time as they are born again. 

Assuming that his readers are neither idiots nor sloths, the autho~ devotes 
184 pages (about 3/5 of the book) to a careful exposition of so much as is re- 
quired for his purpose of geometry and cosmology, the fundamental laws of 
classical mechanics, the Newtonian world-system, the fundamental laws of 
optics, and the fundamental laws of electrodynamics. Even for those already 
acquainted with the theory of relativity, this unified review of the physics and 
mathematics in which the special principle originated, will be of considerable 
interest. An admirable feature of the entire discussion is the exceptionally clean, 
clear-cut drawing of the diagrams. Many of these depict the physical phenomena 
represented in remarkably vivid fashion. This part of the book could be read 
with profit by college students and possibly, if it may be hinted without im- 
propriety, by some pure mathematicians, whether they are interested or not in 
relativity. Often the clarity of the presentation is reminiscent of the style of 
Felix Klein. An occasional equation appears in an unfamiliar dress where the 
the translator has wisely refrained from altering formulas to their usual English 
equivalents, as for instance K =mb for Newton’s second law of motion. This 
however will cause no inconvenience to those who follow the text. The free use 
of “curl” and “div” in the electrodynamics may temporarily puzzle a freshman, 
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but the sooner he learns to think vectorially, the better for his physical soul. 
As elsewhere in this section the graphic explanations of these dark things are a 
material aid to the uninitiated. In fairness to the author it should be emphasized 
that there is not a differential or an integral sign in the book. As stated in the 
preface, higher mathematics (from the layman’s standpoint) are taboo. 

On the ground thus carefully cleared is built up in chapter VI the imposing 
and classical (but already somewhat antiquated) edifice of the special principle 
of relativity. Whether physically adequate or not at this period of scientific 
history, the special theory as created by Einstein and Minkowski, for aesthetic 
reasons if for no other, still repays the most careful scrutiny. It was here that 
theoretical physics first began, in 1905, to rub the sand of centuries out of its 
eyes. For an understanding of modern mathematical work on spectral series 
the special theory is indispensable. In certain parts of atomic physics the theory 
of special relativity still is creative, although for astronomical or cosmological 
investigations it is effete. The reader approaching this stage of relativity for 
the first time will find an easy introduction in Professor Born’s book. 

The last chapter is given over to Einstein’s Theory of Relativity—the general 
theory. It is gratifying to see that this title is reserved for the heart of the sub- 
ject, and not indiscriminately bestowed upon preparatory attempts which now 
have lost much of their first interest. Rather apologetically the author introduces 
the concept of space curvature “which usually excites aversion among non- 
mathematicians,” and points out that no one except “the person of untrained 
mind” asks that “it be imagined; can invisible light be imagined, or inaudible 
tones?” Thus are the brickbats which many intensely conservative haters of 
general relativity hurl at the theory heaved back with compound interest. 
Relativity no longer is on the defensive. 

Elsewhere in the book the author is almost impolite to those “simple minds” 
who, seeing an imaginary difficulty in the relativistic determination of the 
length of a rod, “condemn the theory of relativity at one stroke.” These diffi- 
culties are magnified a thousand-fold for the unsympathetic spectator who es- 
says a birdseye view of the general theory from the illusive heights (or depths) 
of common so-called sense. The sense requisite for an appreciation of this final 
chapter is anything but common, and it is doubtful whether any but laboriously 
trained mathematicians will see what much of it means. For example, the 
formula on p. 272 for the “generalized Pythagorean theorem” might be grievously 
misunderstood ; it would look less shocking if s, x, y, 2, # were clothed with the 
customary d’s. But, faithful to his preface, the author shuns d’s as the devil 
is alleged to shun holy water. Nevertheless, the chapter as a whole is lucid. 

The experimental verifications are duly if lightly sketched, and the author 
remarks, on the basis of a probable increase in refinements of measurements, 
that “we may expect that the new theory will be brought more and more into 
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harmony with observation.” This temperate prophecy has been partially justi- 
fied since the book was printed. Surely there is no more beautiful piece of scientific 
work, from either the abstract or the experimental aspect, than the comparatively 
recent verification of the gravitational deflection of light carried out at Mt. 
Wilson for the massive little companion of Sirius. St. John’s definitive work 
on the special shift dates after the printing of the book. 

This book as a whole should at least cause the beginner in relativity to suspect 
that the theory is not yet as ossified as are some of the forlorn Don Quixotes 
who gallop forth to overthrow it, while lecturing to college classes or popular 
audiences, with humor. That the physical universe is a four-dimensional conti- 
nuum of time-space may be one of those rib ticklers which cause us to turn 
purple with mirth and to applaud the speaker vigorously if somewhat foolishly, 
but if so, sober reflection should convince us that four is not inherently more 
ludicrous than the sacred three. To all those who, like the reviewer, have 
suffered under such sorties, not infrequently from eminent men in high places, 
the sanest advice probably is to cut the lectures and read Professor Born’s book. 
It may earn a flunk, but it will be more amusing. Einstein is still busy ; to appre- 
hend his latest (July, 1925) profound modification will presuppose a reading 
knowledge of what has gone before since 1916. To turn one’s back on work of 
this calibre is troglodytish. 

The translation seems to have been faithfully done, with “safety first” as a 
watchword. After all, the solemn richness of the Teutonic idiom, “linking all 
being with the ego” through the rhythmic “beating of the clocks,” even though 
our “railway train encounters an obstacle and becomes shattered,” may be a 
better vehicle than the lighter English for a subject which is almost meta- 
physical. In what is approximately the language of some parts of the rendering, 
it so therefore will appear on the one hand that relativization allows itself to be 
in this way more embeddedly comprehended by the human spirit, and, on the 
other hand, moreover, it throws a bright ray on the conceptual objectivations. 
Let us hope that this is indeed so, and that some altruistic mathematical physicist 
some day will translate Einstein as Clifford translated Riemann. In the mean- 
time those who do not easily read German owe a debt of gratitude to the trans- 
lator of Professor’s Born’s “Relativity.” 

E. T. BELL 


Die Mathematische Methode. Logische Erkenntnisstheoretische Untersuchungen 
im Gebiete der Mathematik, Mechanik, und Physik. By Otto HoELpeEr. 
Berlin, Julius Springer, 1924. 1v+563 pages. Price $6.30. 

Within the last two decades scientists of renown have published works on 
the philosophy of mathematics. Most of these carry prominent references 
to the remarkable Principles of Mathematics by Bertrand Russell which no 
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doubt constituted an important source of stimulation in their production. 
To this collection has now been added a volume from the pen of the distinguished 
mathematician, Professor Hoelder. 

The object of Professor Hoelder’s treatise is to describe and analyze the 
chains of deduction which are used in mathematical demonstrations and to 
compare the components into which these chains have been analyzed. The 
work is divided into three parts. The first two parts have to do with the elu- 
cidation of the deductive procedure in mathematics while the third part is 
concerned with the relation of deduction to experience, in particular, to the em- 
pirical foundations of the applied sciences. The first part, containing a sketch 
of typical mathematical demonstrations as a basis later for logical analysis, 
has all the system and thoroughness which may be expected from the dis- 
tinguished author. Likewise in the third part the author has inserted two 
valuable and lucid chapters on the facts and assumptions of mechanics and 
physics, including a brief discussion of Einstein’s theory of relativity. The 
logico-philosophical discussion comprises nearly 200 pages and is contained in 
the second part, “Logical Analysis of Methods” and two appendices, “The 
Art of Investigation” and “Paradoxes and Antinomies.” With reference to 
idealism and realism Hoelder occupies somewhat of a middle ground, inclining 
to a pseudo-realism which is, perhaps, a modification of the Kantian idealism. 
This position, no doubt, causes Hoelder to find much that is good in the 
philosophies of Natorp and Meinong, and to make extended and acute criti- 
cisms of Kant. Hoelder states that the original stimulus to his work was given 
by the philosophy of Kant. 

One of the more important conclusions of Hoelder is that measure is a 
synthetic concept constructed on the basis of qualitative concepts with the 
assistance of sequences of operations which involve counting; and in support 
and illustration of this thesis Hoelder expounds at length an axiomatic theory 
of the so-called “third element” involving as undefined relations primarily 
“betweenness” and “precedence.” In this theory, Hoelder seems surreptitiously 
to have introduced the metrical concept by means of his axiom VIII (p. 287) 
expressing continuity. Again, on p. 291, the statement is made that the same 
kinds of activity are exercised in the theory of substitutions as in arithmetic; 
yet the fundamental nature of a substitution is not very clearly expressed by 
Hoelder. A substitution is quite as fundamental as a number; these concepts, 
indeed, are bifurcative developments from the same foundations just as the 
theories of number-fields and substitution groups are coordinated branches 
of the same general theory. Hoelder refers to the interpretation of counting 
in terms of correspondence as involving substitutions leading to the concept 
multiplicity (Anzahl). This foundation of multiplicity is worked out in detail 
for a finite set of elements. The concept of an infinite aggregate is dealt with 
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only in a fragmentary manner in the context proper and mainly in connection 
with mathematical continuity. The statement is made that an infinite set of 
elements can only be given by a “law” but just what a “law” is does not seem 
to be satisfactorily explained (cf. pp. 98, 193, 555). The concept of correspond- 
ence leads Hoelder to the concept of representation which is based on it and 
which in turn brings the author to the discussion of “simplified representation” 
(sec. 114) and “genetic agreement” (webereinstimmende Erzeugung). The transi- 
tion from a finite to an infinite set of elements (p. 281) leads Hoelder to in- 
troduce the process of superstruction (Ueberbauung) of concepts as opposed 
to substruction (Unterbauung). This process is given considerable prominence 
in Hoelder’s book and is intended to be a generalization of the process of 
complete induction (cf. secs. 119-120). When one system of concepts is super- 
structed upon another, then the superstruction is the form or “representation” 
(Darstellung) and the substruction (p. 318) is the content or “meaning” 
(Deutung). The opposites, “representation” and “meaning” are introduced 
in section 98. The principle of superstruction of concepts seems to require 
examination in reference to any elements of novelty it may have when com- 
pared with Poincaré’s conception of induction as the mathematical process. 
At least this is so in the case of Hoelder’s examples in sections 116, 117, 119, 120. 

Among his more general interpretations, Hoelder’s estimate of the-power 
and economy of symbolism in mathematics is inadequate. Strangely, he does 
not seem to mention in his book the Principia Mathematica of Russell and 
Whitehead. The concept of a working hypothesis in mathematics is apparently 
not recognized, nor is the logical continuation of such a concept developed 
from the “working hypothesis” in the empirical realms of observation although 
the latter concept is mentioned (p. 434). With regard to the mathematical 
antinomies Hoelder is disposed lightly to dismiss them by the use of such 
words as “inadmissible” (p. 193), “indeterminate” (p. 552), etc. A more 
intelligible discussion of antinomies would require the development of the 
theory of the domain of a concept which has been employed so extensively 
by Bolzano and others and is, in fact, mentioned by Hoelder himself in 
section 96. 

Lack of space forbids more than a passing reference to the excellent chapters 
on mechanics and physics. Apart from their controversial interest, these chap- 
ters are of real value in assisting the teacher and student to a better under- 
standing of these subjects. 

The preceding remarks give, of course, only a very inadequate impression 
of the richness and scholarly character of Hoelder’s work. The chief merit 
of the book, as it appears to the reviewer, is its practical, working quality. 
Without straining to support any particular philosophical hobby, the book 

supplies a wealth of valuable material for the ready use of both the teacher 
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and research student in the mathematico-philosophical field. Hoelder’s 
specific choice of theories from the literature may naturally be controversial. 
It is a remarkable fact that Hoelder’s subject matter could have been presented 
in an admirably unified manner by departing somewhat from tradition and 
utilizing the work of Grassmann in the light of modern development. Hoelder’s 
tendency to follow tradition is accentuated in his restraint in citing the works 
of American mathematicians; so far as the reviewer has been able to observe, 
only one American mathematician is mentioned. Typographically, the book 
is very attractive and remarkably free from errors. One such error must be 
pointed out: “Russell” is persistently spelled “Russel.” 
A. R. SCHWEITZER. 


Essentials of Applied Calculus. By R. G. Toomas. New York, D. VanNostrand 

Co., 1924. xvi1+408 pages. Price $2.50. 

The preface states that this text is an abridgment and re-arrangement 
of Applied Calculus, published in 1919; and is issued to supply the demand for 
a text book better adapted to the time available in the usual college course. 
It is suitable for a first course in calculus in colleges and technical schools. 

An admirable feature of the work is the definition of a differential in ac- 
cordance with the ideas of Newton. In the hands of the author the differential 
does not become a “ghost of a departed quantity” for the puzzled student; 
but is used in a satisfactory manner to simplify many derivations that are 
troublesome to the beginner when presented from the standpoint of limits. 

The exercises are fairly numerous, well graded, and contain many practical 
problems. A large number of illustrative examples are solved, some of which 
have numerical results. The print is clear and the matter is well arranged on 
the page. 

It is doubtful if the text is better adapted to class use than the author’s 
Applied Calculus, for an instructor has no difficulty in omitting sections not 
suitable to his purpose. Then, too, the text is not a revision of the Applied 
Calculus, but is made up of the major part of that work with the addition of 
some new matter, for instance, exercises 11-20, page 11; Exercises II2, page 39; 
illustrative examples and exercises, pages 118-120; and a part of article 159. 
Some new articles are interpolated without numbers so as not to make it 
necessary to change the numbering as given in the older work. Other articles, 
as a whole or in part, have been taken from their original setting and placed 
where it is difficult to understand them. For instance, on page 85, under ex- 
pansion of cosh «/a and sinh x/a, it would seem necessary to refer to articles 
146 and 147 of the Applied Calculus to understand the use of s and tan ¢. 
Objection may be made to the forward references of which there are quite a 
number. Many of the typographical errors noted in the Applied Calculus 
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rch, 

persist in this text. On the whole the work has many good features, not the 
ler’s least of which is the help given in representing established facts and laws 
sial. in mathematical language. 
ited C. I. PALMER. 
and 
ler’s Mathematics for Technical Students. By E. R. Verity. London and New York, 
orks Longmans, Green and Co., 1924. x1+468 pages. Price $4.00. 
Ive, The preface states that this book has been written primarily to meet the 
00k needs of students in evening classes of technical institutions, though it will be 
t be found suitable as a short course for day engineering classes. 


The text has many of the “ear marks” of several other English texts on 
practical mathematics published during the past fifteen years. The problems 
are numerous and well selected. A large number of examples are solved, thus 


ae giving the student insight in the method of analyzing a problem. In fact, the 
subjects are developed to a large extent by solving typical examples, paying 
emt little attention to the general theory. 
for The field covered is algebra, trigonometry, and calculus both differential 
aon and integral; and these are quite as distinct as they are when put between 
separate covers. It is not a coordinated or a combined course in mathematics, 
6 though the trigonometric ratios are defined and used in the chapter that treats 
tial of ratio and proportion. The first 200 pages are devoted to algebra including 
ant; graphs; pages 202-276 deal with trigonometry; and the remainder of the 
ate book concerns itself with the ideas of calculus and its applications. At the close 
é of the text are found tables of logarithms, antilogarithms, and natural trigo- 
ical nometric functions, all to four places. These are followed by answers to the 
uich exercises. of the text. 
| on Most of the exercises appear to be “desk” problems in that they are not 
applications that have actually occurred. The text should be found suitable 
wale: for classes where the learning is done mainly through practice gained in working 
not problems ; but, for a class of inquiring students, a good teacher would be needed 
lied to answer questions that might arise regarding fundamental principles. 
phy C. I. PALMER. 
Bi 
59. Der Gegenstand der Mathematik im Lichte ihrer Entwicklung. By H.W1ELEITNER: 
; it Leipzig, B. G. Teubner, 1925. 61 pages. Price 1 Reichs-Mark. 
les, 


4 This paper-covered pamphlet of 61 pages constitutes “Band 50” of the 
- “Mathematisch-Physikalische Bibliothek” brought out by Teubner. It is 


ce one of many booklets prepared by authors of prominence, and sold at the 
CIES nominal price of one Reichs-Mark each or 2 Reichs-Mark for double numbers. 


The pamphlet under review starts out with general remarks on mathe- 
matics and its development, then discusses ancient geometry, algebra, modern 


a 
lus 
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geometry, higher analysis, mathematics and reality. Though mathematics js 
viewed in the light of its growth, the publication is not a history oi the science. 
There is no adherence to chronological presentation. Greek geometry is 
approached from the modern view point. The concepts of the infinitely small 
and the infinitely great, as set forth by Anaxagoras, are considered along with 
the ideas of Leibniz. The statement of theorems in Euclid is discussed in the 
light of Berkeley’s criticism of the possibility of a general, wholly arbitrary, 
triangle or figure. 

All in all, the treatment is excellent and indicative of full mastery of the 
results of recent historical research and philosophic thought. One curious 
feature is brought to mind by the perusal of the book. In interpreting historical 
questions which are rendered doubtful on account of insufficiency of data, 
there are apt to be changes of “fashion” at different periods. For example, in 
telling of the discovery of the algebraic solution of cubic equations, Wieleitner 
mentions del Ferro and Cardan, but omits the name of Tartaglia. The same 
subject, based on substantially the same data, was presented in Hankel’s 
history of 1874, and there Tartaglia is made the chief actor. There are a few 
places where our author failed to refer to important results of recent research. 
Thus the vital subject of Zeno’s arguments on motion is given as sophistry 
and no hint is afforded of Paul Tannery’s masterly exposition which presents 
Zeno as severely rigorous. On the restoration of the tract on indivisibles, 
attributed by some to Aristotle, reference is given to the work of O. Apelt(1891) 
but H. H. Joachim’s later and fuller researches are overlooked. The formula 
which we now write e” =cos§ +i sin is attributed to Euler without mention of 
the earlier appearance of the theorem in the logarithmic form in the writings 
of Cotes. The name “Integral” is connected with Johann Bernoulli, though 
it was first used in 1690 by Jakob (James) Bernoulli. 

FLORIAN CAJORI. 


Théorie Mathématique del Electricité, By Tu. DE DonpvER. Part I. Introduction 
to Maxwell’s Equations. Paris, Gauthier Villars, 1925. 198 pages, 76 
figures in the text. 

This mathematical treatise on electricity contains nearly 700 definite 
formulas, besides many other auxiliary equations. It is presented as a funda- 
mental textbook on electromagnetic theory from the mathematicians’ stand- 
point, especially directed towards the establishment of Maxwell’s equations 
defining electromagnetic fields between bodies at rest. 

The book is notable for the rigor and precision of its treatment. Space is 
treated as strictly Euclidean, and the dielectric constant of free space appears in 
all the formulas to which it belongs. In less rigorous textbooks, it is only too 
often overlooked or omitted. 


1! 
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An interesting and important distinction is made between the electric 
force distribution and the resultant vector force, in the case of an inductively 
polarised region. In nearly all other cases, the distinction is shown to disappear. 
Coefficients of capacitance are developed through the electric energy of the 
associated charges. This seems to be a new and interesting method of approach. 

In leading up to Maxwell’s equations of the general electromagnetic field, a 
side-by-side comparison is conducted into the properties of superficial electric 
currents and of volume currents. This presentation is serviceable, in clearing 
up the definition of current density. It offers a new gateway to the current 
vector potential, whose curl at any point is the local magnetic force. A very 
helpful parallelism is maintained in the treatment of magnetics and electrics. 
It is well known that such a parallelism exists; but it is presented here in an 
unusually forceful way. 

The first section of the book, with eight chapters, discusses the stationary 
electric field. The second section, with four chapters, discusses the stationary 
electromagnetic field. The third section, with two chapters, deals with the 
variable electromagnetic field. 

The book ends with an excellent chapter on electric and magnetic systems 
of units, including the Heaviside-Lorentz system. It would be made mare 
useful for ready reference, if an index were added to the table of subjects in the 
final pages. 

The work is a valuable compendium of exact mathematical relations in the 
fundamentals of classical electricity and magnetism, without involving direct 
use of the electron. It will appeal particularly to the mathematical physicist; 
but it will also aid the electrical engineer in questions that probe the funda- 
mentals of his science. 

A. E. KENNELLY. 


A Graphic Table Combining Logarithms and Anti-logarithms. By A. LAcRo1x 
and C. L. Racot. New York, The Macmillan Company, 1925. 56 pages. 
Price $1.40. 

This book represents an innovation in logarithm tables. These graphical 
tables are constructed with a numerical scale and a logarithmic scale having a 
common line as a base. The values on each scale are represented by graduations 
so that a value on either scale can be read directly in terms of the other scale 
without interpolation. The principal table of the book consists of forty pages. 
From this table, it is possible to read to five places logarithms of all five place 
numbers and to read the numbers to five places corresponding to all five 
place logarithms without interpolation. One accustomed to reading scales or a 
slide rule can read to six places by estimating the distance between the point 
of reading and the nearest graduation. A numerical table having these qualities 
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would be between four and five times as large. This table is followed by a 
similar four place table of six pages. 

For persons using logarithms of numbers involving five places or less, the 
reviewer believes that this table will prove decidedly useful. The fact that 
interpolation is done away with not only saves time and energy but removes a 
fertile source for mistakes. The cumulative error caused by interpolation 
which sometimes renders the result inaccurate in the last place is avoided. 
The tables do not give logarithms of the trigonometric functions in terms of 
the angles. For this reason, its usefulness to the student and the engineer 
using trigonometric functions is limited. D. S. Morse. 


Four-figure Mathematical Tables. By G. W. C. KAYE and T. H. Lasy. London, 
Longmans, Green and Company, 1925. 26 pages. Price $0.40. 


This small book contains thirteen tables which are all four place tables 
with the exception of one five place table of logarithms. The tables involving 
trigonometric functions have entries at 6’ intervals. From the logarithm 
tables, it is possible to read without interpolation the logarithms of all three 
figure numbers. The other tables have corresponding entries. The four figure 
tables include tables of logarithms; antilogarithms; reciprocals; squares; 
natural sines, cosines, and tangents; and logarithms of sines, cosines, and 
tangents. A table for changing from degrees to radians and a table of squares, 
cubes, square roots, cube roots, and reciprocals of the numbers from 1 to 100 
complete the list. The tables are well arranged and easy to read. 

D. S. Morse. 


ARTICLES IN CURRENT PERIODICALS 


The lists appearing regularly in the Monthly of articles in current periodicals are intended 
to include (1) titles of papers in all mathematical journals published in the United States; (2) titles of 
mathematical papers and reports published by the national and state academies of science and in jour- 
nals devoted to general science; (3) titles of mathematical papers by American authors published in 
foreign journals. 


Annals of Mathematics, second series, volume 27, no. 1, September, 1925: “A contribution to the 
theory of finite differences” by J. Kaucky, 1-2; “On the asymptotic expressions of certain definite 
integrals” by J. A. Shohat, 3-11; “The frequency law of a function of variables with given frequency 
laws” by E. L. Dodd, 12-20; “The four term diophantine arccotangent relation’ by A. A. Bennett, 
21-24; “On Weyl’s treatment of the parallel displacement of a vector around an infinitesimal closed 
circuit in an affinely connected manifold” by T. Y. Thomas, 25-28; “Concerning the subsets of a plane 
continuous curve” by H.M. Gehman, 29-46; “On the oscillations of a line near a position of equilibrium” 
by F. H. Murray, 47-53; “Note on trinomial congruences and the first case of Fermat’s last theorem” 
by H. S. Vandiver, 54-56; “Definite linear dependence’’ by L. L. Dines, 57-64; ‘Least distance from a 
point to a linear (n—k)-space, both in a linear n-space” by H. S. Uhler, 65-68. 


Journal of the Franklin Institute, volume 200, no. 6, December, 1925: “An analogy between pure 
mathematics and the operational mathematics of Heaviside by means of the theory of H-functions” by 
J. J. Smith, 775-814. 
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The Monist, volume 35, no. 4, October, 1925: “Infinity and the infinitesimal’ by W. Parkhurst 
and W. T. Kingsland, Jr., 633-666. 


School Science and Mathematics, volume 25, no. 9, whole no. 218, December, 1925: “Note on the 
Phillips system of multiplication” by W. E. Pyke, 949-951; “All geometrical constructions may be made 
with compasses” by Michael Goldberg, 961-965. 


Transactions of the American Mathematical Society, volume 27, no. 4, October, 1925: “Cone cubic 
configurations of a ruled surface” by A. F. Carpenter, 397-415; “Concerning upper semicontinuous 
collections of continua” by R. L. Moore, 416-428; “On the oscillation of a continuum at a point” by 
W. A. Wilson, 429-440; “‘On the conditions of integrability of covariant differential equations” by J. A. 
Schouten, 441-473; “Complete groups of points on a plane cubic curve of genus one” by M. I. Logsdon, 
474-490; “On the existence of the Stieltjes integral” by H. L. Smith, 491-515; “The mutual inductance 
of two square coils” by T. H. Gronwall, 516-536; “On the development of continuous functions in series 
of Tchebycheff polynomials” by J. A. Shohat, 537-550; ‘“‘Analytic functions in three dimensions” by 
E. R. Hedrick, 551-555; “The Beltrami equations in three dimensions” by E. R. Hedrick and L. Ingold, 
556-562; “Fields of parallel vectors in a Riemannian geometry” by L. P. Eisenhart, 563-573; “A sym- 
bolic treatment of the geometry of hyperspace” by L. Ingold, 574-599. 


UNDERGRADUATE MATHEMATICS CLUBS 
All reports of club activities should be sent to H. J. Ettlinger, 2910 Harris Park Ave., Austin, Texas. 
CLUB TOPICS 


THE PASTURAGE PROBLEM OF SIR ISAAC NEWTON 
By B. H. Brown, Dartmouth College. 


The Pasturage Problem! of Sir Isaac Newton is not unworthy a place 
beside the older and numerically greater cattle problem of Archimedes dis- 
cussed in the MontTHLY? by Professor Archibald. 

If 12 oxen eat up 33 acres of grass in 4 weeks, and 21 oxen eat up 10 acres in 9 weeks, how many 


oxen will eat up 24 acres in 18 weeks, the grass being at first equal on every acre, and growing uniformly? 
Ans. 36 oxen. 


Apparently someone, somewhere, believed that Newton’s Arithmetica 
Universalis was a book on arithmetic, and hence any problem in it was fair 
game for the young arithmetician. In the course of time the problem was 
incorrectly copied, the 33 in the first condition became 34 with the resulting 
answer of 37 113/175 oxen. Let us add parenthetically that in this form the 
problem seems to us neither less nor more absurd than the original. At least 
as early as 1835 the problem had crossed the Atlantic, its source was forgotten, 
and with either 33 or 3} became the piéce de résistance of American arith- 
metics. The later history of this problem forms a very sad commentary on 


‘Newton, Arithmetica Universalis, 1704. 
*This Montuiy, (1918, 411-414). 


= 
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the scientific and educational standards of early nineteenth century American 
mathematics teachers. The details are set forth in engaging fashion in Cajori’s 
The Teaching and History of Mathematics in the United States. 

Let us solve this problem for the literal case, stating the problem in the 
following form: 

If a; oxen eat b; acres of grass in c; weeks, 1=1, 2, 3, the grass being at first 
equal on every acre and growing uniformly, what relation exists between 
a;, b;, c;; and what inequalities are necessary to insure a real solution? 

Suppose x oxen eat the original stand on 1 acre in 1 week; and y oxen eat 
1-week’s growth on 1 acre in 1 week. Then 


b; 
—x«+bw=a; 1=1,2,3 
Ci 
whence 
by 
C1 
be 
— be a2 
C2 =0, 
b 
bs a3 
C3 


and this relation may be written 


ay 


ae 
7, co(¢s—e1) + =0. 


If this condition obtains 


Ci—Cj Cin c; 
and, assuming a;, b;, c, all positive, and ¢:>c2>c; it is necessary and sufficient 
that x and y be positive, that is 

a3 ae a, a, de a3 


bs bp bi be bs 


SUGGESTIONS: (a) Compare this solution with the prize-winning “lucid 
analytical solution” of Mr. James Robinson,‘ and with the analysis of Newton. 


3 Washington, 1890, pp. 109, 110. 
‘ Hendricks’s Analyst, vol. III, p. 75; also the Mathematical Magazine, edited by Artemas Martin, 
vol. I, pp. 17 and 43; also The Mathematical Monthly, vol. II, pp. 83-85. 


( a; a; ) a; a; 
‘ b; b; b; b; 
= 


‘ient 


artin, 
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(b) This problem is often given in the old arithmetics under the heading 


“False Position.’ 


Solve this problem by double false position. 


(c) The student with a thirst for generalization may try the further intro- 
duction of horses, sheep, etc. into these pastures, and he might then let the 
animals eat in proportion to their size and grow exponentially. 


CLUB ACTIVITIES 


Juniok MATHEMATICS CLUB of the University of Wisconsin, Madison, 


Wisconsin. 


The program for the college year 1924-1925 was the following: 


October 2, 1924. 
November 23. 
November 6. 


November 20. 
December 4. 


December 11. 
December 25. 


January 15, 1925. 


February 26. 
March 12. 


March 26. 
April 30. 
May 14. 
May 26. 


Picnic on the Drive. 
“Graphs” by Professor A. Dresden. 
“Ancient Chinese mathematics, the Chinese calendar, and the place of western 
mathematics in Chinese secondary schools” by F. H. L. Chang. 
“Unilateral surfaces” by Professor L. Dowling. 
“Life of Pythagoras” by Miss A. H. Krause. “Life of Newton’ by R. B. Schwen- 
ger. “Life of Leibnitz’” by Miss M. A. Summers. ‘Mathematical fallacies” by 
E. R. Heineman. 
“The half-regular polyhedrons of Archimedes” by Professor E. B. Van Vleck. 
Christmas program consisting of a piano recital and a sleight-of-hand perfor- 
mance. 
“Closure in mathematics” by Professor Ingraham. 
“‘Desargues’ theorem” by Professor Hart. 
“Women mathematicians” by Miss H. E. Urschel, Miss D. H. Haskins, Miss 
G. L. Fries. 
“Mathematics in secondary schools” by Professor H. L. Miller. 
Joint meeting with senior mathematics club. 
“Factoring and the highest common divisor” by Professor E. B. Skinner. 
Picnic. 

(Report by Professor Skinner.) 


THE HARVARD MATHEMATICAL CLUB, Harvard University, Cambridge, 


Massachusetts. 


During the year 1924-1925, the following papers were presented at the meetings of the Harvard 


Mathematical Club: 
October 22, 1924. 


November 5. 
November 19. 
December 3. 
December 17. 


January 14, 1925. 


February 26. 
March 11. 
March 18. 


April 1, 
April 14, 
April 29, 


“Weierstrass’ second implicit function theorem” by Professor W. F. Osgood. 
“Lagrange’s multipliers” by Mr. Maurice Marden. 

“Study’s dual vector and line congruences” by Mr. M. M. Slotnick. 

“Projective geometry” by Professor W. C. Graustein. 

“Stereographic projection” by Mr. T. L. Smith. 

“The twisted quartic” by Mr. M. S. Demos. 

“A famous problem of construction” by Mr. E. T. Virata. 

“Quaternion multiplication” by Mr. D. E. Whitford. 

“Regular transformations of sequences” by Professor L. L. Silverman of Dart- 
mouth College. 

“Implicit functions in general analysis” by Dr. L. M. Graves. 

“Differential equations from the group standpoint” by Mr. H. B. Curry. 

“The Riemann problem for linear differential equations and its generalization” by 
Mr. J. J. Wolfender. 
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“Mathematics at Harvard a hundred and fifty years ago” by Professor J. L, 
Coolidge. 


The Executive Committee for the year 1924-1925 consisted of 
Mr. K. W. Halbert, president; Mr. E. W. Perkins, secretary-treasurer; Professor W. F. Osgood, 


faculty adviser. 


The following were elected members of the Executive Committee for the year 1925-1926: 
Mr. H. B. Curray, president; Mr. T. L. Smith, secretary-treasurer; Dr. H. W. Brinkman, faculty 


adviser. 


(Report by F. W. Perkins) 


THE MATHEMATICS CLUB OF THE UNIVERSITY OF MAINE, Orono, Maine. 


The following is the program of the Mathematics Club of the University of Maine for 1924-1925; 


November 12, 1924. 


December 3. 


February 17, 1925. 


March 3. 
March 17. 
April 29. 


‘Mathematical philosophy” by Mr. Engstrom. 
“The development of number systems” by Professor Lucas. 
“The birth of the moon” (Darwin’s theory) by Professor Willard. 
“The nine-point circle” by Miss Savage. 
“The volume'of a regular icosahedron” by Mr. Beale. 
“The history of astronomy” by Miss Mossler. 
‘ (Report by Miss Elizabeth Laughlin, 


THE MATHEMATICS CLUB OF HUNTER COLLEGE, New York City. 


The following programs were given at the meetings of the Mathematics Club of Hunter College 
during the year 1924-1925: 


October 2, 1924. 
October 7. 
October 21. 
November 3. 


November 18. 
December 2. 


December 16. 
January 6, 1925. 
February 24. 
March 3. 
March 17. 
March 31. 
April 14. 
May 5S. 

May 14. 
May 19. 
June 2. 


Reception to Freshmen. 

‘Mathematics in colleges” by Dr. Tomlinson Fort. 

“The development of symbolism in mathematics” by Margaret Cronin ’25. 
“The development of algebraic notation” by Florence Gitlin ’25. ‘Geometric 
fallacies” by Nannette Klein ’26. 

“The making of books” by Dr. D. E. Smith of Columbia University. 
“Logarithms to the base e”’ by Sophie Rotkowitz ’25. “Logarithms to the base 10” 
by Olga Marshaw ’25. 

Debate: Resolved that freshman mathematics is advisable. 

“Algebra in the colonial schools” by Professor Simons. 

Business meeting. Election of Miss Carolyn Eisele as faculty advisor of the club. 
‘Algebra in the colonial schools” continued by Professor Simons. 

‘Archimedes’ cattle problem” by Ethel Garfunkel ’27. 

“Hyperspace” by Bertha Odessky ’27. 

“The human significance of mathematics” by Rose Richter 25. 

“Mathematical fallacies” by Gertrude Kornhauser ’26. 

Musicale and tea. 

“Mathematics and astronomy” by Harriet Griffin ’25. 

Election of officers. 


The officers for the year 1924-1925 were: 

Elizabeth Draper, president; Rose Richter, vice-president; Mary Draper, secretary; Florence 
Gitlin, treasurer; Rosalind Honig, publicity manager. 

The officers for the year 1925-1926 are: 

Gertrude Kornhauser, president; Mary Draper, vice-president; Bertha Odessky, secretary; Lena 
Kalan, treasurer; Nannette Klein, publicity manager. 


(Report by Miss Bertha Odessky, secretary.) 
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PROBLEMS AND SOLUTIONS 


PROBLEMS AND SOLUTIONS 


EDITED By B. F. FINKEL, Otto DUNKEL, AND H. L. OLson. 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with a margin at least one inch wide on the 
left. 

PROBLEMS FOR SOLUTION 


(N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would also 
enclose any solutions or information that will assist the editors in checking the statements. In general, 
problems in well-known textbooks, or results found in readily accessible sources, will not be proposed as 
problems for solution in the Montuty. In so far as possible, however, the editors will be glad to assist 
members of the Association with their difficulties in the solution of such problems.) 

3173. Proposed by Samuel Beatty, University of Toronto. 

If X is a positive irrational number and Y its reciprocal, prove that the sequences 

(1+X) , 2(1+X) , 3(1+X) , - 
(1+¥) , 2i+Y) , 


contain one and only one number between each pair of consecutive positive integers. 


3174. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

Construct a triangle given an angle, the difference of the including sides, and the altitude to the 
third side. 

3175. Proposed by Otto Dunkel, Washington University. 

Is the following statement correct? 

The intersections of two curves whose equations are given in polar codrdinates (p, @) are obtained by 
solving the two equations simultaneously for p and 0. 

3176. Proposed by A. Pelletier, Montreal, Canada. 

Using the straight-edge only, can a perpendicular be drawn from a given point to a given straight 
line? 

3177. Proposed by Frank Irwin, University of California. 

Prove the identity 

1 sin x sin z 1 4 sin y sin z 
sin y+— =— sin . 
sin (y-++z) "sin (x+y+2) sin («+2) sin (x+y+2) 

3178. Proposed by J. L. Riley, Ouachita College, Arkadelphia, Ark. 

Find the smallest integral values of x and y which satisfy the equation 

3179. Proposed by Philip Fitch, Denver, Colorado. 

A and B mail letters to m+n people, A mailing m letters and B mailing n letters. If no person 
can receive more than one letter from each of the senders, and if two letters, no letter, or the wrong 
letter to a person is counted as an error, how many errors are possible? 

3180. Proposed by D. M. Yost, California Inst. of Technology. 

Evaluate the definite integral 


dx 


where x* may be written ¢*!°8*, 
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SOLUTIONS 
2677 (1918, 75]. Proposed by R. K. Morley, Worcester, Mass. 


A quarter-mile track is to be constructed, having semi-circular ends and straightaway sides. It 
is required to have the rectangular part of enclosed field referred to in No. 12, Granville’s Calculus, page 
116, as large as possible. Find length of the straightaways. 

Also, required to inscribe the maximum rectangle in a track of length /, with semi-circular ends and 
straightaway sides, assuming that two sides of the rectangle are parallel to the straightaways. Find the 
length of the straightaways and the dimensions of the rectangle. 


SOLUTION BY THE PROPOSER 


Part 1. It should be noted that the reference to Granville’s Calculus does not apply to the present 
printing of that book as the faulty race-track problem (see this Montuty, 1917, 431) has now been 
replaced. 

Let x=length of the straightaways; r=radius of the semicircular ends. Then the area to be a maxi- 
mum is 2xr. Also 2x+2xr=1/4 mile. 

Hence area is 


Setting f’(x) =0, we obtain x=1/16 mile, which is easily shown to give the required maximum. 
Part 2. Let x and r have the same meanings as before, let x+-2y be the length of the inscribed 
rectangle, 2z its breadth, and @ the angle between the central axis of the figure parallel to the straight- 
aways and the radius r to a corner of the inscribed rectangle. Then the area to be made a maximum is 
A=22(x+2y); and also /=2x+2z7, y=rcosd, z=rsin#. Thus 
A=lIr sin 6—2z7* sin sin 26 
is a function of the two independent variables r and 6. The partial derivatives are 


0A 0A 
sin sin 0+-4r sin 20 , cos 6—2zxr? cos cos 20 , 


and, if we exclude the trivial results r=0 and sin @=0, the only value of @ making both zero is given by 


2 
T 
From these values we find 
al (x?—8)1 
4(x*—4) 4(x*—4) 4-4 
#A 


Thus 
or oF 2 


and, since both 4*A/dr* and 4*A/aé* are negative, these critical values make A a maximum. The 
maximum area is then 


= 0516? . 


It is interesting to compare this area with that of the square inscribed in a circle of circumference /. 
This area is 


537-0507 
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Note sy Orto DunkEL. The proof above shows that there is only one relative maximum within the 
given region for r and 6. To show that this is the absolute maximum in the region we may proceed as 
follows. The region is defined by 0SrS//2x, 0<@S7/2, and the function A is continuous in this region. 
It has therefore an absolute maximum within or on the boundary. On the parts of the boundary @=0 
and r=0, A =0; on the part @=x/2 the maximum of A is /?/8x; on the part r=//2x the maximum is 
P/2x*>P?/8x. Hence the maximum on the boundary is /*/2*. Now the necessary conditions above 
show that at a point within the region the value of the area is .0516 ? which is greater than the maximum 
on the boundary .0507 ?, and hence the absolute maximum must lie within the region. Also at this 
point the first partial derivatives which are here continuous must be zero. But since there is only one 
point within the region where both first partial derivatives are zero the absolute maximum must be at 
this point. It has thus been shown that the value of A at this point is greater than at any other point 
of the region and no use has been made of the second partial derivatives. 


Also solved by J. B. REYNOLDs, and F. L. WILMER. 


2720 (1918, 302]. Proposed by A. A. Bennett, Lehigh University. 


Given three points A, B, C, in a plane, draw from an arbitrary fourth point D the segments AD, 
BD, CD. Also draw rays AA’, BB’, CC’ making equal (small) angles respectively with segments AD, 
BD,CD. The triangle determined by the three rays does or does not contain the point D according 
as the original triangle ABC does or does not contain D. 

Prove the theorem, considering also the case in which A, B, C, D are concyclic. 


SOLUTION BY RuFus CRANE, Ohio Wesleyan University. 


It is assumed that the point D lies in the plane of ABC, also that the three rays make the angle @ 
with AD, BD, CD in the same sense. 

Let AA’ and CC’ meet in A’, BB’ and AA’ in B’ etc. Then, since 2 DAA’= Z DCA’ or its supple- 
ment, the points D, C, A, A’ are concyclic; similarly DABB’, and DBCC’. Let these circles have centers 
X, Y, Z, respectively. Since AD, BD, CD are perpendicular respectively to XY, YZ, ZX, the rays AA’, 
BB’, and CC’ make the same angle (90°—@) with XY, YZ, ZX, respectively, and in the same sense. 
Hence A’B’C’ and XYZ are directly similar. Now extend DX till it meets the circle DCA at R. The 
ZDAR is a right angle, and RAA’ is either 90°+-@ or 90°—@. In either case RDA’, that is, XDA’ is 
90°—6. Similarly YDB’ and ZDC’ are 90°—0. Also 


DA' _ DB’ _ DC’ 
2DX 2DY 2DZ 


Hence the triangles A’B’C’ and XYZ have D as their center of similarity, and their ratio of similarity 
is 2 sin @. Hence A’B’C’ will or will not enclose D according as XYZ does or does not enclose D. Ob- 
viously XYZ will or will not enclose D according as D lies within or without the triangle ABC. Hence 
the theorem. 

If D lies on the circumcircle of ABC, the triangle X YZ, and therefore the triangle A’B’C’, reduces 
toa point. In the statement of the problem, the word small is redundant. As the angle @ increases from 
0° to 180°, the points A’, B’, C’ traverse the circles DCA, etc., making one complete circuit. When 
6=90°, XYZ and A’B’C’ are homothetic, ratio 1: 2. 


2723 (1918, 303]. Proposed by G. Y. Sosnow, Newark, N. J. 


The feet of the perpendiculars from the intersection of the diagonals on the sides of a cyclic quadri- 
lateral M are joined to form a second quadrilateral N. Prove that WN is a quadrilateral of minimum 
perimeter inscribed in M. 


= siné. 


SOLUTION BY MICHAEL GOLDBERG, Philadelphia, Penn. 


Let the given cyclic quadrilateral M be ABCD. Locate the points C’, D’, A’ as follows: reflect the 
figure on the axis BA, giving the new points D,, C’; then reflect this second figure on BC’ giving Az, D’; 
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reflect the third figure on C’D’ giving A’, B,. The angle between AD and A’D’ is A—B+C—De 
(A+C)—(B+D)=0. Therefore, AD and A’D’ are parallel. 

Draw any line PP’ parallel toAA’ cutting the lines AD, AB, BC’,C’DandD’A’ in the points P, R,S’ 

T’, and P’, respectively. Locate the points S and T on BC and CD respectively corresponding to S$’ 
and 7’. Then PRST is a minimum quadrilateral inscribable in ABCD. Since P was taken at any point 
along AD, there is an infinity of equal minimal inscribable quadrilaterals. The proof follows from the 
fact that the perimeter of any other inscribed quadrilateral would develop into a broken line between P 
and P’ and, therefore, would be longer than the straight line. 
ZARP=ZBRS, ZBSR=ZCST, ZCTS=ZDTP, ZDPT=ZAPR, since their corresponding 
angles are vertical angles in the developed figure. The equality of these angles is a necessary and suffi- 
cient condition for a minimum perimeter. It is the path that a ray of light would take in order to return 
to its source, when the sides AB, BC, CD, and DA are considered as mirrors. 

NoTE By THE Epitors: The problem, as proposed, is only a special case of the foregoing general 
theorem. Let O be the intersection of the diagonals AC and BD, and E£, F, G, H the feet of the per- 
pendiculars from O to the sides AB, BC, CD, DA. Then ZFGO= ZFCO= ZODH = ZOGH, since we 
have three cyclic quadrilaterals. Hence FG and GH make equal angles with CD. A similar proof applies 
to the sides of the second quadrilaterai through F, E, H. 


2724 (1918, 303]. Proposed by Frank Irwin, University of California. 
Show that there is a unique set of values, x1, x2, ..., 2%, that satisfy the equation 


2 2 2 


2(n 


SOLUTION BY THE PROPOSER. 


The left side of the equation given in the problem may be written in the following form by the simple 
process of completing the squares 


nl G+] n+1 n 2 


Hence the only real solution is given by setting x;=ix;,,/(i+1), and x, = (n /n+1). From these equa- 
tions follow at once 


n+1’ 

The problem was suggested by similar problems in Wolstenholme’s Mathematical Problems. (Is 
the rising generation of mathematicians acquainted with that fascinating book ?) In fact the left mem- 
ber of our equation differs from that in problem No. 218 in Wolstenholme in the constant term only. 
A totally different method for attacking such problems may be found in the Intermédiaire des Matht- 
maticiens, vol. 24, 1917, p. 67 (my solution of the same problem, by the method used here, on page 136 
of the same volume). 


2769 [1919, 171]. Proposed by B. J. Brown, Kansas City, Mo. 
cosh Ax sinh Ax. 
osh \ sinh X 
Prove that, if \ tanh \>2, the function has only one maximum value for x>0 and that the value 
of x for which the maximum occurs is less than 1. (India Civil Service, 1912.) 


x= 1,2, - . +n. 


Expand in powers of « as far as x* the function in which ) is a positive constant. 


SOLUTION BY R. H. ScioBeretI, Berkeley, California. 


(In this solution, sinh x will be replaced by sh x, cosh x by ch x, and tanh x by th x.) 

The function f(x, A) = - Ax/ch \)—(« sh Ax/sh A) may be expanded in a series of the form gotyit 
+ + +onx"+ + + +, where the gy are functions of the parameter Since f(x, is an even 
function both of x and A, it when that go%,1=0 and that g2% will be an even function of A. Further- 
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more, the proposed function has derivatives of all orders, and can be developed in a Maclaurin series 


as follows: 
xP 


2p! sh X 


1 x 


since 


@p)(x) =—— ch Ax( th A— 2p) —— sh A ; thA—2p) , 


2? 
=—— sh dx [A f??*1(0) =0 
sh aA sh A 


The remainder of the series after the 2pth term, may be written in the form 


——[ sh (A0x)(2p+1—d th ch (A9x)] , 
(2p+ )+A0x ch (A9x)] , or 
dx)?? 
[ sh (Adz) (:- )+ ~ ch 0<e<1, 
shr 2p! 2p+1 or 
which shows that lim Rop=0. 
p—0 
Note sy Otto DunKEL. If the original function be denoted by f(x), then 
sinh 1 
= ols) ‘ ¢(x) = tanh coth Ax. 
Then 
"(x)= : h 2Ax—2Ax | <0, lim g(x) = tanhaA 2 50 (1)= | 


Hence ¢(x) decreases from a positive value at x=0 to zero at x=xo<1, and then continues to decrease. 
It now follows that f’(x) >0, O0<x<.% and f’(x) <0, x>o. Hence f(x) has only one maximum for x>0 
and it occurs at x=x9<1. 

Since 2/A<tanh A<1, A>2, and it is easily shown that \>2.0653. 


2818 (1920, 135]. Proposed by S. A. Corey, Des Moines, Iowa. 


What is the maximum error that could occur in computing the common logarithm of (1+) by the 
formula: 


logio(1-+-x) = . 144,764,827—— + .579,059,309 + .072,151,17 — 
&10(1-+2) : ,05 72,15 


x 


where 0S xS6/10? 


SOLUTION BY Otto DUNKEL, Washington University. 
This may be regarded as a problem in maxima and minima and as such the only difficulty in its 
solution is that encountered in the tedious numerical berg Consider the error 
f(x) =logio(1+2)—x [ 
where D= 072613657, C=.579059309, and B=.07215117. Then 


= (M—6B)2—(M+3D—9B)x—4(D—B)] 
(e+ 


— x(x—a)¢(x) 


Where M = D+B+C/2=.434294482, and a=.3454374, and where ¢(x) is a quadratic expression which 
here is always positive. Hence f’(x)<0, x<0; f’(x)>0, O0<x<a; and f'(x)<0, x>a. Thus f(x) for 
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negative values of x decreases to its minimum value 0 at x=0; it then increases to its maximum value 
.000012228 at x=.3454374; as x increases further it decreases to zero at x=.4960* and then continues 
to decrease. Since f(.6) = —.000029912, we have .000029912 for the maximum of the absolute value of 
the error in the interval OSxS.6. 


3032 [1923, 276]. Proposed by Otto Dunkel, Washington University. 


If a), a2,* ++, an are any real or complex quantities which satisfy the equation 
where ,C;=n!/(n—i)!i!, prove that =dn. 


SOLUTION BY THE PROPOSER. 


Set | a;|=p;. It will be shown that all the p;’s have the same value p. For suppose that they are 
not all equal, that px is as great as any other p and that there is at least one p, say p;, such that pp>pj. 
Since 


k > + + iz 
aCe 
we have 
<pe . 
aCe 


Here we have a contradiction, and hence the p;’s must all have the same value p. If p=0 the theorem 
is proved. 

Suppose that p~0: it will be shown that all the a,;’s have the same value. For na,;=2Zaj, and if 
there are any two a’s not equal then 


|as|=np . 


There results the contraction p<p. The theorem of the problem is then proved. 


Also solved by F. L. WILMER. 


3128 [1925, 204]. Proposed by J. Rosenbaum, Milford, Connecticut. 
Given the mid-points of the sides of a polygon, to construct the polygon. 


SOLUTION BY J. P. BALLANTINE, Columbia University. 


Let M,, M2,-++ M, be the given mid-points, in any number of dimensions. From any point A ly 
draw A,M;, and produce it its own length to A». and from Az draw A2M; and produce it its own length 
to A; etc., thus obtaining a final point An,;. From another arbitrary point B,, construct another sequence 
B,Bz- ++ Bn41,in the same way. The line segments A,B, A2Bz, etc., are all parallel and of equal lengths, 
but alternately oppositely sensed. Hence if m is even A,B, and An,:Bn41 are sensed the same way, and 
if m is odd, the opposite way. 

In the case that n is odd, if B; is taken as the mid-point of the line-segment A1An41, then B; will 
coincide with B,,:, and the required polygon is constructed. In the case that m is even, if A; and Any 
happen to coincide, the polygon is constructed and B, will coincide with Bn y;. If A; and Any: do not 
happen to coincide, then the construction is impossible. 

NoTE By THE Epirors. If is odd there is only one polygon. For if there were two with vertices Ai 
and respectively, then vector AnyiBn4i1= vector B,A;; but this is impossible since 

If n is even and if there exists one polygon with the given mid-points, there are an infinite number of 
such polygons obtained by taking any point for B, in the above construction. For let A; be the vertices 
of the first polygon, then vector A,B,=vector A,Bn4; . Hence Bny;=B, and the B figure closes. 


Also solved by J. C. BENNETT, LEONARD CARLITZ, MICHAEL GOLDBERG, 
A. PELLETIER, and F. L. Witmer. 
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3130 (1925, 204]. Proposed by Paul Capron, U. S. Naval Academy. 
Show that if d, D are the double polar distances, or diameters, of the inscribed and circumscribed 
circles of a spherical triangle, and d’, D’ the corresponding diameters for its polar triangle, 


d’+D=180°=d+D’ . 


SOLUTION BY R. H. ScioBErRETI, Berkeley, California. 


Let a, b, c; A, B, C; r, R be the sides, angles, radius of the inscribed circle and radius of the circum- 
scribed circle of a spherical triangle. Denote the corresponding parts of its polar triangle by the same 
letters accented. For the given triangle we have the well known formula 

A tanr 
tan — = ——__—__ 2s=at+b+c ; (1) 
2 sin (s—a) 
while from one of the right triangles of its polar triangle we have 


, 


cos (S’—A’)= cot R’ 2S’=A'+B’+C’. (2) 
Setting in (2) A’=x—a, a’=x—A, S’—A'=2x/2—(s—a) we obtain 
A cot R’ 
tan — = (3) 


2 sin (s—a) 


Hence from (1) and (3) tan r tan R’=1; and, since we suppose that the poles of the circles are chosen 
so that the radii are less than x/2, we must have 


=— 
r 
a 


In the same manner we find that r’+R=7/2 and hence 
d+D’=d'+D=r. 


Also solved by J. A. BULLARD, THEODORE BENNETT, LEONARD CARLITz, 
and A. PELLETIER. 


3134. [1925, 261] Proposed by J. Rosenbaum, Milford, Conn. 


In a given circle to inscribe a hexagon of assigned angles which shall have the maximum area. 


SOLUTION BY THE PROPOSER. 


The assigned angles A, B, C, etc., determine the arcs FAB, ABC, BCD, etc. 

As regards the area of the variable hexagon, we can consider either set of the three alternate arcs as 
fixed in position. Accordingly, we take the arcs FAB, BCD and DEC as fixed; thus obtaining the fixed 
triangle FBD, with the variable points A, C, and E lying respectively on the three fixed arcs. 

It is our problem to locate these points on these arcs so as to satisfy the requirements as to the angles 
F, B, and D, and so that the area ABCDEF shall be the maximum. 

The triangle FBD being fixed, it is only necessary to consider the sum of the areas of the three 
triangles FAB, BCD, and DEF. Denoting the angular measure of the arc FA by x, the remaining five 
arcs are by vitrue of the given angles determined as linear functions, L, of x. This, in turn, determines 
the six chords, FA, AB, BC, etc., as functions, sin L(x), and the sum of the areas of the three triangles 
which is equal to }FA - AB sin A+}BC - CDsinC+4DE - EF sin E, is thus expressible as a function, F, 
of x. 

Equating F’(x) to zero, and solving, we obtain 


sin? A+sin C sin (2A —2B+C) —sin (A+C) sin (A—2B+C—2D) 
—sin A cos A—sin C cos (2A —2B+C)+sin (A+C) cos (A—2B+C-—2D) 


(1) 


tan x= 
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Furthermore, since at least one of the arcs FB, BD, DF, is less than or equa to 120°, the arc FB can be 
chosen as being less than or equal to 120°, and since, for a convex polygon, arc FA is less than arc FB, 
we can write «< 120°. 

Equation (1) together with (2) determines x uniquely. It is seen that the point A can be constructed 
with ruler and compasses, and then the points C and E can also be located. 

We notice that if the value of « as determined by (1) and (2) is less than or equal to zero, or is equal 
or is equal to or greater than arc FB, then a maximum hexagon does not exist. There will also exist no 
maximum if either of the points C and E as determined by the point A and the given angles B and D do 
not fall within the arcs BD and DF respectively. The upper limit, on the other hand, always exists, and 
can be constructed and completed. 

By considering the altitudes from the vertices A, C, and E of the triangles FBA, BDC, and DFE, it 
is easy to prove that when these vertices rotate so that the sum of the areas of the three triangles is 
decreasing then the rate of decrease is increasing; from which follows that there is no minimum. 

The solution is equally applicable to any polygon of an even number of sides. In case of an odd 
number of sides, the angles determine the polygon if it is to be inscriptible, and there is no problem 


Also solved by W. J. PATTERSON. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
H. W. Kuhn, Ohio State University, Columbus, Ohio. 


At the Kansas City meeting of the American Association for the Advance- 
ment of Science, Professor L. H. BAILEY was elected president, Professor E. V. 
HUNTINGTON, vice-president of Section A (mathematics), Professors M. I. 
Pupin and F. R. Movu_ton members of the Executive Committee, and Pro- 
fessor H. H. MITCHELL member of the committee of Section A. Professor R. C. 
ARCHIBALD is Secretary of Section A. The third annual prize of the Association 
has been awarded to Professor D. C. MILLER of the Case School of Applied 
Science for his address on the Michelson-Morley ether drift experiment, its 
history and significance, this being the presidential address of the American 
Physical Society, presented at a joint session of that society with the Associa- 
tion. 


Professor L. E. Dickson has been elected an honorary member of the Union 
of Mathematicians and Physicists of Czecho-Slovakia. 


Professor R. A. MILLIKAN has been elected correspondent of the Paris 
Academy of Sciences in the section of physics. 


Hampden Sidney College has conferred an honorary doctorate on Professor 
J. E. Wittiams of the department of Mathematics of the Virginia Polytechnic 
Institute. 


Dr. H. M. GeHMAN who took his Ph.D. degree at the University of Penn- 
sylvania in February, 1925, is at the University of Texas as a National Research 
Fellow in mathematics. 
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At the University of Tennessee, Associate Professor J. D. Bonp has been 
promoted to a full professorship in mathematics. 


At the University of Chicago, Assistant Professor E. P. LANE has been 
promoted to an associate professorship. Dr. Mayme I. Locspon, who is study- 
ing in Rome, will return to resume her duties in October, 1926. 


At Harvard University, Professor G. D. BrrkHorr has been given the 
additional title of Cabot Fellow, and will be relieved of part of his teaching so 
that he may devote more time to original work. 


Dr. Ecuo D. PEPPER is studying in Oxford under Professor Hardy (and 
not in Paris as previously announced in these notes). She holds an international 
fellowship of the General Education Board. 


At Pennsylvania State College, the following promotions have been made: 
Associate Professor T. E. Gravatt has been promoted to a full professorship; 
Assistant Professor C. C. WAGNER to an associate professorship; Mr. JABIR 
SHUBLI to an assistant professorship. Professor J. H. Tupor and Assistant 
Professor L. S. JOHNSTON are on leave of absence this year. Professor Johnston 
is studying at the University of Chicago. 

At the new Texas Technological College, Adjunct Professor J. N. MICHE of 
the University of Texas has been appointed professor and head of the depart- 
ment of mathematics. Mr. D. A. FLANDERs of the University of Pennsylvania 
has been appointed professor. Assistant Professor W. M. WHyBURN of Texas 
Agricultural and Mechanical College, and Dr. L. D. Ames formerly associate 
professor at the University of Missouri have been appointed associate pro- 
fessors. Miss E. T. StArrorp, instructor at the University of Texas has been 
appointed adjunct professor. 

At Pomona College the departments of astronomy and mathematics have 
been separated and Professor F. P. BRACKETT, who was head of the department 
of mathematics, has been made professor of astronomy and head of the depart- 
ment. Professor W. P. RussELL, who was associate professor of mathematics, 
has been made professor of mathematics and head of the department. ~ 


Assistant Professor W. F. SHENTON of the department of mathematics at 
the United States Naval Academy, Annapolis, has resigned to accept the chair 
of mathematics at the American University, Washington, D. C. 


Assistant Professor C. O. WILLIAMSON, of the College of Wooster, has been 
granted leave of absence for the second semester of the current year, in order 
to carry on graduate work at the University of Chicago. 


At Shorter College, Professor Rusy H1GHTOWER has resumed her work as 
head of the department of mathematics after a year’s leave of absence spent 
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in study at the University of Missouri. Miss MABEL THOMPSON has been 
appointed instructor in mathematics. 


At Middlebury College, Miss ELLEN WILEy and Mr. Bert HAZELTINE have 
been promoted to assistant professorships of mathematics. 


Mr. M. F. JorpDAN has been appointed associate professor of astronomy at 
the University of Maine. 


The following appointments to instructorships of mathematics are an- 
nounced: 


University of Maryland, Mr. R. W. RIcHESON. 


The State College of Washington, Mr. CoNSTANTINE COLOGERIS and Miss 
ALiCE ANN GRANT. 


THE SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION 


The tenth summer meeting of the Mathematical Association of America 
will be held by invitation at Ohio State University, Columbus, Ohio, on Tuesday 
and Wednesday, September 7-8, 1926, in conjunction with and followed by 
that of the American Mathematical Society. Two sessions of the Association 
will be held on Tuesday, a joint session of the Association with the Society on 
Wednesday morning, and sessions of the Society on Wednesday afternoon and 
on Thursday morning and afternoon. A public reception will be given on Tues- 
day evening and the joint dinner of the two organizations will be held on 
Wednesday evening. 

All the meetings will be held in the new Faculty Club building of the 
University, unusual facilities being furnished for the social and program sides 
of the meeting. The dining room and recreation rooms will be available for this 
occasion. Lodging and a substantial breakfast can be obtained at Oxley and 
Mack residence halls at a cost of $1.50 per day. Tenting space and free parking 
for automobiles will be provided directly in the rear of the residence halls, where 
a police officer will be in charge day and night. It is also hoped to arrange for 
tennis courts near the Stadium, without charge to members and guests. A 
landing field for aeroplanes is also available to our progressive members. 
Columbus is centrally located, being easily accessible by railroad and automo- 
bile. 

An attractive program is being arranged by the Program Committee of the 
Association. The details of the program and blanks for registration for rooms 
and meals will be sent to the Association members in the early summer. 


W. D. Carrns, Secretary-Treasurer. 
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The University of Wisconsin 


Summer Session—June 28 to August 6 
Fee, $22 for All Courses (Except Law $35) 


Full program of courses in undergraduate and graduate mathematics. Special 
attention given to courses in the teaching of mathematics. Fine library and equip- 
ment for the use of students wishing to work for higher degrees. 


RESEARCH FACILITIES LAKESIDE ADVANTAGES 
For Complete Information Address 
Director Summer Session, Madison, Wisconsin 


ANALYTIC GEOMETRY—TRIGONOMETRY 


Textbooks by Edwin §S. Crawley and Henry B. Evans, Professors of 
Mathematics in the University of Pennsylvania 


Analytic Geometry, CRAWLEY and Evans. xiv + 239 pages. 
Trigonometry, CRAWLEY and Evans. vi-+ 187 pages. 
Tables of Logarithms, CRAWLEY. xxxii-+ 79 pages. 
Craw_Ley and Evans Trigonometry, and CrAwWLEyY’s Tables in one volume. 
Short Course in Trigonometry, CrAwLeEy. 121 pages. 
The same with Crawley’s Tables in one volume. 
One Thousand Exercises in Trigonometry, CrAwLEy. vi-+/70 pages. 
For descriptive circular and price-list, address 
EDWIN S. CRAWLEY, University of Pennsylvania, Philadelphia, Pa. 


THEORY OF ACCOUNTS 
D. R. Scott, University of Missouri 


“Professor Scott has succeeded, to a considerable degree, in accomplishing what few writers of 
books on elementary accounting have done. In his treatment of many of the fundamental 
Principles which many authors seem to think appropriate only in an advanced text, I believe 
that he has taken sound ground.” Dean W. R. Gray, Dartmouth College. 


A MANUAL OF PROBLEMS AND TABLES IN STATISTICS 
with notes on Statistical Procedure 
By Freperick C. Mitts and DonaLp H. Davenport, Columbia University 


Designed to meet the needs of college teachers and students of economics and business 
Statistics ; provides a summary of certain business series and a set of tables to facilitate 
Statistical calculations. Written to accompany Professor Mills’ Statistical Methods. $1.90 


MATHEMATICS OF FINANCE 
By H. L. Rrerz, A. R. CRATHORNE AND J. C. RIETZ 


Treats in particular the relation of interest to the amortization of debts, to the crea- 
tion of sinking funds, to the treatment of depreciation, to the valuation of bonds, to 
the accumulation of funds in building and loan associations, and to the elements of 
life insurance. Devotes three chapters to the elements of the mathematics of insur- 
ance, introducing the system of long time finance involved in legal reserve life insur- 
ance, 


Adopted in many leading universities, and adapted especially to the needs of 
schools and colleges of commerce and business administration. $3.00 
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THE TENTH ANNNAL MEETING OF THE ASSOCIATION 


The tenth annual meeting of the Mathematical Association of America was 
held at the Junior College, Kansas City, Mo. on Wednesday and Thursday, 
Dec. 30-31, 1925, in conjunction with the Western meeting of the American 
Mathematical Society and in affiliation with the American Association for the 
Advancement of Science. One hundred and sixty were present at the various 
sessions, including the following 122 members of the Association: 
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L. H. Currinc, Westport High School, Kansas 
City. 


Marian E. Iowa State College. 

L. S. Depericx, University of British Columbia. 

I. M. DeLone, University of Colorado. 

W. W. Denton, University of Michigan. 

E. L. Dopp, University of Texas. 

Lucy T. Doucnerty, Junior College, Kansas City, 
Kan. 

ARNoLD DreEsDEN, University of Wisconsin. 

Orro DunxkEL, Washington University. 


W. E. Epincton, Purdue University. 
C.A. Epperson, Kansas City Day School for Boys. 
H. S. Everett, Bucknell College. 


Epna M. Fettces, Orlando, Fla. 

J. C. Fretps, University of Toronto. 

B. F. Finxet, Drury College. 

R. R. FLEET, William Jewell College. 

T. M. FocxeE, Case School of Applied Science. 


M. G. Gasa, University of Nebraska. 

W. H. Garrett, Baker University. 

F. J. Gerst, St. Louis University. 
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G. W. GorrELL, University of Denver. 
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T. H. HitpEBRANDT, University of Michigan. 
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GotprE P. Horton, University of Texas. 

J. M. Howre, Nebr. Wesleyan University. 

JEWELL C. HucuHEs, University of Arkansas. 

E. V. Huntrincton, Harvard University. 

Emma Hype, Kansas State Agric. College. 


Byron Culver-Stockton College. 
Louis INGoLD, University of Missouri. 


DuNnuHAM JACKSON, University of Minnesota. 

G. H. Jamison, State Teachers College, Kirksville, 
Mo. 

W. C. JANEs, Kansas State Agric. College. 

H. E. JorpDaAn, University of Kansas. 


J. R. Kune, University of Pennsylvania. 
L. C. Knicut, College of Wooster. 


| 


